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Abstract: In this paper, Kamal transform was applied to solve constant coefficient
ordinary differential equations with piecewise continuous functions. Piecewise
continuous functions that are not unit step functions were changed to unit step
functions. It has similar characteristics with Laplace transform. The initial conditions
were used before the final solution as in Laplace transform, Elzaki transform and
Rohit transform; and it reduced the differential equations to algebraic equations
which are later solved to obtain the solutions. The results obtained showed that
Kamal transform is an efficient and less computational mathematical technique that
can be applied to differential equations.
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1. Introduction
Piecewise continuous functions are step functions. A piecewise continuous function is
a function that is continuous at every point of a given finite closed interval except at
finitely many points at which it has jump discontinuity. Differential equations with
piecewise continuous functions are applied in physics, electrical engineering, and
biology. Abdon and Seda [3] studied piecewise differential equations while Xiao-
Ping et al [22] applied piecewise fractional differential equation to COVID-19
infection dynamics.
In solving differential equations with piecewise continuous functions, different
analytic techniques have been applied, [21], [5] and [9]. In this research, Kamal
transfom is used to solve constant coefficient differential equations with piecewise
continuous functions. Kamal transform is a new integral transform introduced by
Abdelilah [1]. Kamal transform has been applied to solve partial differential
equations [7],[11] and [2]. Mona and Ali [10], studied double Sumudu-Kamal
transform with applications. A comparative study of Kamal transform and Laplace
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transform was done by [8]. Owolabi and Oderinu [13] researched on analytic
solution of a generalized nonlinear, Hirota-Satsuma coupled equations using Kamal
transform. Sudhanshu [15] applied Kamal transform to Bessel’s function. Sudhanshu
et al [16], solved linear Volterra integral equations using Kamal transform method.
In 2018, [17] and [18] applied Kamal transform in their research. Sudhanshu and
Gyanendra [19] found the Kamal transform of error function while Sudhanshu and
Swarg [20] applied the new integral transform to Abel’s integral equation. Onuoha
[12] solved coupled systems of linear ordinary differential equations using Kamal
transform technique. Rachana et al [14] researched on Kamal decomposition method
and its application to coupled system of nonlinear partial differential equation.
Kamal transform has been applied to areas like mechanics [6], cryptography with
sandip’s method [4] and system of linear Volterra integro-diffferential equation of
second kind [23].

2. Kamal Transform of Some Simple Functions
In this section, we find Kamal transform of some simple functions

The Kamal transform of a given function f (t) can be defined as
K{F() =] f(0)de=F(v)
0
€]

(). Let f(r)=p, where p is a constant, p>0. Then,

K(p) = pJ'ei"tdt = pv
0

@)
(ii). Let f(r)=t, then

kit = J‘eTtdt
0
(3)
Integrating equation (3) by parts, we get
K {t} =y’

(4)
(iii). Let f(r)=7*, then
K{r}= Te_;tfdt
(5)
Integrating equation (5) by parts, we get
K {tz} =’

(6)
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In general, if » >0is integer number, then
K{tn} — n!vnﬂ

)
(iv). Let f(r)=¢", then

o 1 © _(l_u}
K{e‘”} = J‘e_;te‘”dt = je v dt

0 0
(8)
Integrating equation (8), we get
v
K at —
{e } 1—av
®)
Equation (9) will be useful to find the Kamal transform of:
. av’
(V) K{smat} ZW
(10)
. 1%
(vi). K{cosat}= T
(11)
(vii). K{sinhat}= #

(12)

(viii). K {coshar} =~ .
a

(13)

3. Kamal Transform of Derivatives

1839

(). Let the Kamal transform of y(r) be defined as follows:

© 1

K{y(t)} = jeilydt = Y(v)

0

(14
(i) K{y%0}=75%yﬂf=%4%v)—y«»
s
@ (30 = e 5= ()00 (0)
as
@) &)= e =y )| Sy )
a7
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4. Kamal Transform of Piecewise Continuous Function (Unit Step Function)
Let u(r—c)be a unit step function defined as

R e
(18)
Then,
K{u(t—c)} = Ie‘l’lu(t—c)dt
(19)

Following the definition of unit step function, equation (19) becomes

0

K{u (t —c)} = Ieildt = veii
(20)
Theorem:

Let ve * be the Kamal transform of a unit step function u(t—c), then:

(). K{u(t-)s(1)} =< K {g(1+0)}
). K{u(i-c)g(i—c)l=c K{g(t)=e 'G(v)
Proof:
(). Let g(r)=r, then g(r+c)=t+c

K{u(t—c)t} = Te_gtu (t—c)dt = Te_%tdt = e_% (cv +v2)
5 !

K{g (t + c)} = K{t+c} = ]O‘e_%tdt +c]ie_%dt = +cv

0 0
Then, e_%K{t +c}= e_% (v2 +cv)

Hence, Kl|u(t—c)g(1)=c K{g(r+c))
(ii). Let g(r)=r, then g(r—c)=t—c

K {u (t - c)(t —c)} = Te% (t - c)u (t —c)dt = Te%tdt —c]ie%dt = eis (cv +v2)—cve7 =vle "

c c

=)

c

Then, eisK{g (t)} = v2e%’ = ei”G(v)

Hence, K{u(i—c)g(i—c)j=¢ "K{g (1)l =¢ "G(v)

Next, we apply Kamal transform to differential equations with unit step functions.
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Application (1):

Consider the first order differential equation

dy
—+3y=u(t-1
dt+ Y u( )

(21a)
¥(0)=0
(21b)
Take Kamal transform of equation (21a)

dy
k{z}+3K{y}=K{u(t—l)}
1
lY(v)— y(O)+3Y(v) =ve "
1%
(22)
Applying the initial condition, equation (21a) to equation (22) and simplifying
further, we get

1
vzeiv
Y(V): 1+3v

(23)
To find the inverse Kamal transform of Y(v) , we decompose into partial fraction the

right hand side of equation (23) to get

vty
Yo =15 {3_3(1+3v)}
(24)
Then,

coor-tess)

(25)
Simplifying equation (25) we get

y(t):%u(tq)_%u(tq)ﬂf*‘)

(26)
Application (2):

Consider the first order differential equation

5%—y=u(t—4)

(27a)
¥(0)=0
(27b)
Take the Kamal transform of equation (27a)
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dy

SK{E}—K{y}:K{u(t—Q}

1LY ()5 (O ¥ () =ve’

(28)
Applying the initial condition, equation (27b) to equation (28) and further
simplification, we get

Ve ”
Y(v)z 5,

(29)
Expanding the right hand side of equation (29) into partial fraction, equation (29)
becomes

(30)
Next, we find the inverse Kamal transform of equation (30)

y(t)=u(r _4)(5(“‘) _1j

81)
Application (3):
Consider the second order differential equation
2

%+9y=9u(t—3)

(32a)
(32b)

Take the Kamal transform of equation (32a)

Lym)-Ly(0)-y(0)+9r(v)=9ve >
1% %
(33)
Applying the initial conditions, equation (32b) to equation (33) and simplifying it, we
get

9V3€_%
Y(v)=Z""—
(v) 1+9v?
(34)
Expanding the right hand side of equation (34) into partial fractions, we get
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3
9de v —\1 ( v ]
Ve |y
1+ 97 1+9v°
(35)
Equation (34) can now be written as

3 .
Y(v)=e" (V_Wj
(36)
Taking the inverse Kamal transform of equation (36), we get
y(t)=u(r=3)—u(r-3)cos3(r—3)
(87)
Application (4):
Consider the second order differential equation

Ay b
o +4dt+3y—g(t)
(38a)
dy(0)
0)=——==0
y( ) dx
(38b)

2 0=<t<3

where (1) ={_2 53

Solving equation (38a) using Kamal transform, we change ¢(r)to unit step function to

get
g(r)=2-4u(r-3)
(39)
Substituting ¢(7) into equation (38a), equation (38a) becomes
d’y  dy o 3
o +4Z+3y—2 4u(t 3)
(40a)
dy(0)
0)=—2=0
y( ) dx
(40b)

Take the Kamal transform of equation (40a)
l 3

{izy(v)_; y(O)—y'(O)}+4{%Y(V)—y(O)}+3Y(v)=2v—4ve”‘

1%
(41)
Applying the initial conditions, equation (40b) to equation (41) and simplifying, we
get
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3

20° 4le v
Y (v)= -
O = aa Travea’
(42)

Before finding the inverse Kamal transform of equation (42), we express the right
hand side in partial fractions and write equation (42) in the form

70 I LA N U L SN U
3 1+v 3(1+3v) 3 1+v 3(1+3v)
(43)
Then, take the inverse Kamal transform of equation (43) to get

y(1) = %(2—36’ +e’3’)—§(2—367' +e’3’)u(t—3)

(44)
Application (5):
Consider the second order differential equation
d’y _{4—: 0<t<5

dr’ -1 t>5
(45a)
dy(0)
0)=0, —~£=15
»(0)=0, dr
(45b)

The right hand side of equation (45a) is a piecewise continuous function which when
changed to unit step function, equation (45a) becomes
2
% —d—ttu(t-5)(1-5)
(46)
Taking Kamal transform of equation (46), we get
%Y(v)—ly(O)—y’(O) —dy—vP 42V
14 14
(47)
Applying the initial conditions, equation (45b), we get
Y(v)=4v —v'+ 2¢ v +150
(48)
Taking inverse Kamal transform of equation (48), we get
2 Lo b5\ =5)
y(t)=15t+2¢ SOt 12u(t 5)(r-5)

(49)
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Application (6):
Consider the second order differential equation
()
(50a)
dy(0
v(0)= ti )0
(50b)
where f(r)is a piecewise continuous function defined as
4 0<tr<4
f(r)=48-1r 4<1<8
0 8<t

Solving equation (50a) using Kamal transform, we write f(r)as a unit step function.
Writing f(r)as a unit step function, we get
f()=4-u(r—-4)(1—4)+u(r—8)(r-8)

Equation (50a) can then be written as

2
©Y L2y —du(r-4)(e-4) ru(t-8)(1-8)
(81)
Next, we take the Kamal transform of equation (51) and get
4 8
{izy(v)_l ¥(0)- y'(o)}+{ly(v)_ y(O)}—ZY(v) v e
2% v Vv
(52)
Applying the initial conditions, equation (50b) to equation (52) and simplifying, we
get
4, 8,

e

v=2v +v=2v" 1+v-2
(83)

For simplicity, we can write equation (53) in the form
Y(1)=E () B () E()
(54)

4 8
47 ei;tv4 eTV4
2 (v)= T b (v)

Finding the inverse Kamal transform of equation (54), we decompose F(v), F, (v)and

V)=
1+v—-27

Where E (V) = m,

F,(v) into partial fractions respectively to get
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1%

2(1+2v)  3(1-v)

|

4

2v 4y
F(v)=-2
A TP T AT
F (v):eiér —K—ﬁ— 4
’ 4 2
F(v):eizt —X—ﬁ— 4
’ 4 2

(58)

12(1+2v)+3(1—v)}

Equation (54) can then be written as

2v 4y

-2
") 30y ¢

Y(v) =

v

: L A
4 2 12(1+2v) 3(1-v)

(56)

12(112v) 3(1-v)

|

Then, we find the inverse Kamal transform of equation (56) to get

y(1) :—2+§e’2’ +§e' +u(t—4){i

1 1

u(t—8){—+—(t_s)+ie—2<f—8>_

4 2 12

(57)
Application (1):

+ %(t ~4) + L2

1

_44%_

3

12

l;w}
3

Consider the second order differential equation

d’y
dr*
(88a)
(0)
dt
(88b)
2
wherer a(t)=1t

4

y(0)=0.

dy
+3—+42y=
dt Y

h(1)

-2

t<6
6<t<10
t>10

Take Kamal transform of equation (58a)

K{%;%+3K{E}+2y:K{hQﬂ

dy

(59)

h(r)is a piecewise continuous function. We change #(r) to unit step function before

we take the Kamal transform. Changing to unit step function, it becomes

h(t)=2+(r=2)u(t—6)—(t

(60)

—4)u(r-10)

Substituting #(r)in equation (59), using equation (60), we get
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K{‘j;zy}+3l({%}+2y:K{2+(t—2)u(t—6)—(t—4)u(t—10)}
(61)

Taking the Kamal transform, equation (61) becomes
6 6 10 10
{iz Y(v)- 1 y(0)-y' (O)} + 3{1 Y(v)- y(O)} +2Y (v)=2v+dve " +v’e * —6ve ' —vie
14 1% 1%
(62)
Applying the initial conditions, equation (58b) to equation (62) and simplifying
further, we get

_6 _1o _6 _1o
V| 244e " —6e v viiev—ev
N 20?

1+3v+2y° 1430427 14+3v+2)°
(63)

Equation (63) can be written in the form

Y(v)=G (v)+G,(v)=G(v)

Y(V):

(64)
610 6 10
v3[2+4e v —6e VJ v4(e vV—e “j 52
where G, (v)= G (V=2 G (v)=—
() 1+3v+21? 2 (v) 1+3v+21? +(v) 1+3v+2v°

Taking the inverse Kamal transform of equation (64), we first express G (v).G, (v)and

G,(v) in partial fractions

_6 _10
GI(V)Z(V'F d —AJ Ze”[v+ 4 —Aj—% "[v+ 4 —ﬂj

1+2v 1+v 1+2v 1+v 1+2v 1+v
A e Y v 003y P v v
Gz(v)=e e +—|—e V| ——+—— +—
4 2 4(1+2v) 1+v 4 2 4(1+2v) 1+v
2v 2v
G (v)=—"+—
() 142y 1+v

Equation (64) becomes
_s _10
Y(v)=|v+ LA T e S A v Y
1+2v 1+v 1+2v 1+v 1+2v 1+v
SO 3y 2 v v 003y P v v
et —————— |- V|t ————+—— |~
4 2 4(1+2v) 1+v 4 2 4(1+2v) 1+v
2v 2v
- +—
1+2v 1+v
(65)

Next, we take inverse Kamal transform of equation (4) and get

Q
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y(t)=1+e —2¢" +2u(t —6)(1+e*2<’*") - 2e’(’*"))—3u (z—1o)(1+ e 210 2e*(’*‘°))+
— _é l — _l -2(t-6) =(1=6) | _ _ _i l _ _l -2(1-10) ~(-10) |
u(t 6)( 4+2(t 6) 4e +e u(t 10) 4+2(t 10) 4e +e

2 (e—t _ e—zr )

(66)

5. Conclusion

In this research work, the new integral transform, Kamal transform, is used to
solve constant coefficient differential equations with piecewise continuous
functions in particular unit step functions. Kamal transforms of simple functions
and the unit step functions were defined. Solving the differential equations, the
piecewise continuous functions that are not unit step functions were changed to
unit step functions, then the Kamal transforms found. Kamal transform were
applied to first and second order differential equations. The results obtained
showed that Kamal transform is an efficient mathematical tool that can be applied
to higher order non-homogeneous constant coefficient differential equations with
or without piecewise continuous functions.

References

1. Abdelilah Kamal and H. Sedeeg (2016). The New integral transform, “Kamal
Transform”. Advances in Theoretical and Applied Mathematics. 2(4), 451 — 458.

2. Abdelilah, K and Hassan, Sedeeg and Zahra, I. Adam Mahamoud (2017). The use
of Kamal transform for solving partial differential equations. Advances in
Theoretical and Applied Mathematics. 12(1), 7 - 13.

3. Abdon atangana and Seda Igret Araz (2022). Piecewise differential equations:
theory, methods andapplications. AIMS Mathematics. 8(7), 15352-15382.

4. Abhale N.S., Pawar S.S, Sonawane S.M., Kiwne S.B., Sontakke B.R. (2022). Kamal
transform in cryptography with sandip’s method. International Journal of Current
Engineering and Scientific Research. 9( 6), 22 — 24.

5. Horodnii M.F. and Pecherytsia O.A. (2023). Bounded solutions of a differential
equation with piecewise constant operator coefficients. Jornal of Mathemtical
Sciences. 270, 237-249.

6. Huda Ibrahim Osman Bashir, Mona Magzoub Mohammed Ahmed Hassan, Fatin
Ali Mohamed Saeed, Nesreen SirelkhtamEImki Abdalla, Mubarak Dirar Abdallah
and Sawsan Ahmed Elhouri Ahmed (2019).

7. Applications of Kamal transform to mechanics and electrical circuits problems,
Global Journal of Engineering Science and Researches. 1-4.

8. Johnson Adekunle Owolabi, Olufemi Elijah Ige and Emmanuel Idowu Akinola
(2019). Application of Kamal decomposition transform method in solving two—

1848 | www.journal-innovations.com



Innovations, Number 77 June 2024

dimensional unsteady flow. International Journal of Difference Equations. 14(2),
207 -214.

9. Katre N.T. and Katre R.T. (2021). A comparative study of Laplace and Kamal
transform. Journal of Physics: Conference Series 1913012115

10. Kuo-Shou Chiu and Manuel Pinto (2010). Periodic solutions of differential
equations with a general piecewise constant argument and applications.
Electronic Journl of Qualitative Theory of Differential Equations. 2010(46), 1-19.

11. Mona Hunaiber and Ali, al — Aati (2022). Double Sumudu—Kamal Transform with
applications. Albaydha University Journal. 4(2) 1053 — 1062.

12. Muhammad Waqas, Khurrem Shehzad, Ali Moazzam, Alizay Batool (2022).
Application of Kamal transformation in temperature problems. Scholars Journal
of Engineering and Technology. 10(2), 5-8

13. Onuoha, N. O (2023). Kamal transform technique to coupled systems of linear
ordinary differential equations. IOSR — Journal of Mathematics. 19( 4), 24 - 29.

14. Owolabi J.A. and Oderinu R.]. (2021), Kamal Transform Based Analytical Solution
of a Generalized Nonlinear, Hirota — Satsuma Coupled Equations, Asian Journal
of Pure and Applied Mathematics, 3(2),20 — 29.

15. Rachana Khandelwal, Padama Kumawat and Yogesh Khandelwal (2018). Kamal
decomposition method and its application in solving coupled system of
nonlinear PDE’S. Malaya Journal of Matematik. 6(3),619 — 625.

16. Sudhanshu Aggarwal (2018). Kamal transform of Bessel’s functions. International
Journal of Research and Innovation in Applied Science. 3(7), ISSN 2454-6194.

17. Sudhanshu Aggarwal, Raman Chauhan and Nidhi Sharma (2018). A new
application of Kamal transform for solving linear Volterra integral equations.
International Journal of Latest Technology in Engineering, Management and
Applied Science. 7(4)

18. Sudhanshu Aggarwal, Nidhi Sharma, Raman Chauhan (2018); Application of
Kamal Transform for Solving Linear Volterra Integral Equations of First Kind,
International Journal of Research in Advent Technology. 6( 8), 2081 — 2088.

19. Sudhanshu Aggarwal, Anjana Rani Gupta, Nirbhaya Asthana and D. P Singh
(2018). Application of Kamal transform for solving population growth and decay
problems. Global Journal of Engineering Science and Researches. 254 — 260.

20. Sudhanshu Aggarwal and Gyanendra Pratap Singh (2019). Kamal transform of
error function. Journal of Applied Science and Computations. 6(5), 2223 — 2235.

21. Sudhanshu Aggarwal and Swarg Deep Sharma (2019). Application of Kamal
transform for solving Abel’s integral equation. Global Journal of Engineering
Science and Researches. 82 — 90.

22.Wang Qi1 (2014). Analytical approach to differential equations with piecewise
continuous arguments via modified piecewise variational iteration method.
Journal of Applied Mathematics and Physics. 2(1), 26-31.

1849 | www.journal-innovations.com



Innovations, Number 77 June 2024

23. Xiao-Ping Li, Haifaa F. Alrihieli Ebrahem A. Algehyne, Muhammad Y.
Alshahrani, Yasser Alraey and Muhammad Bilal Riaz (2022). Application of
piecewise fractional differential equation to COVID-19 infection dynamics.
Resilts Phys.

24. Zainab Rustam and Nejmaddin Sulaiman (2023). Kamal transform technique for
solving system of linear Volterra integro—differential equations of second kind.
International Journal of Nonlinear Anal. Appl.14(1), 185 - 192.

1850 | www.journal-innovations.com



