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Abstract: Building on Billig’s framework [12] for multi-variable extensions of compact
affine Lie algebras, we extend the construction to the full toroidal Lie algebra (FTLA)
attached to a finite-dimensional simple Lie algebra by introducing a uniform
o-indexing shift, replacing N and k with (6 + N — 1) and (¢ + k — 1), respectively. We
study the category of bounded modules B,, defined by finite-dimensional weight
spaces and truncated central action, and resolve the absence of a canonical triangular
decomposition in the multigraded context by developing a generalized splitting
compatible with the Z(°*N-V _grading.Within this setting we produce explicit
vertex-operator and vertex-Lie algebra realizations, transfer the g,_,(u,v)-module
structures to vertex operator algebra (VOA) modules via preservation-of-identities
techniques, and prove that VOA-irreducible modules remain irreducible when
regarded as g,_,-modules. By identifying module tops with the T,_, datum — the
collection of highest-weight labels, truncated central charges, grading, and
spectral/evaluation parameters that uniquely determine the top space — and
exploiting structural relations, we obtain a complete classification of simple objects in
B,. The results eliminate the infinite-center degeneracy of full toroidal algebras and
clarify the role of truncated central actions. Finally, the constructed vertex-operator
realizations yield a systematic procedure for generating n-soliton solutions of the
associated nonlinear partial differential equation (PDE) hierarchies.

Keywords: Sigma-shifted Toroidal Lie Algebra; Category of Bounded Modules; Affine
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. Introduction.

In this work, building on Billig’s classical loop-algebra construction [12], we
introduce a uniform c-indexing shift—replacing his parameters N and k with (o +
N —1) and (o0 + k — 1), respectively—to extend the framework to multivariable
toroidal Lie algebras. This shift yields a unified family graded by lattices of rank
(0 + N —1)and (o + k — 1), harnesses the rich representation theory of affine Kac—
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Moody algebras, and underpins our formulation of a category of bounded modules
with finite-dimensional weight spaces and truncated central action. Our applications
to the o-shifted toroidal extension of the Kadomtsev-Petviashvili hierarchy
exemplify the power of our construction in the study of integrable systems,
spanning nonlinear PDE hierarchies and conformal field theory.In particular, our
formalism realizes the toroidal extensions of the KdV and KP hierarchies and
enables the explicit construction of their multi-soliton solutions. Furthermore,
toroidal Lie algebras have demonstrated concrete—and often indispensable—utility
in applications spanning sophisticated mathematical frameworks and intricate
physical systems. Constructed Frenkel, Jing and Wang [21] a novel version of the
McKay correspondence using toroidal Lie-algebra representations. Inami et al.
examined toroidal symmetry in a four-dimensional conformal field theory [25, 26].
Furthermore, toroidal Lie algebras have well-established applications in soliton
theory, as hierarchies of nonlinear PDEs can be derived through toroidal Lie-
algebra representations [7, 27]. Specifically, the toroidal extension of the Korteweg-—
de Vries hierarchy contains Bogoyavlensky’s equation, which is absent from the
classical KdV sequence [24]. For these hierarchies, explicit N-soliton solutions can
be obtained via vertex-operator realizations. We anticipate that further advances in
the representation theory of toroidal Lie algebras will enable novel applications of
this rich algebraic framework.
The famous building of an (untwisted) affine Kac-Moody algebra [30]is completely
parallel to the building of a toroidal Lie algebra. The process begins with a basic Lie
algebra §,_,with finite-dimensions and moves on to examine Fourier polynomial
mappings that transform a torus with an (0 + N)- dimensions torus intog,_,. By
setting t,,,_; = e*o+k-1, we may determine the Lie algebra of the §,_,-valued
mappings from a torus with the multi-loop algebra C[t]_,,t%, .., t5, y_1] ® g,_,and
the algebra of Fourier polynomials on a torus with the Laurent polynomial algebra
R = C[tr |, t%, .., t5,y_1], resulting in the standard loop algebra when (6 + N — 1 =
0).
Similar to affine algebras, the next step involves creating a universal central
expansion of R & §,_,, which is expressed as(R @ d,_,) @ K,_,. In contrast to the
affine situation, the center X;_,is infinite-dimensional when ¢ + N > 2. The infinite-
dimensions center renders this Lie algebra exceedingly degenerate. For example,
one may demonstrate that in an irreducible bound weight module, the majority of
the core ought to act trivially. The Lie algebra of vector fields on a torus,D,_, =
Der(&), is added to (R ® §,_2) D K,_, in order to remove this degeneracy. The
algebra that follows is

32 = (R® g§5-2) D HKs_2 D Dy
This algebra is referred to as the complete toroidal Lie algebra. Since D,_, has a
nontrivial action on KX,_,, the center of the toroidal Lie algebra g,_, is finite-
dimensional. The representation theory of this expanded algebra will be far
superior.
The greatest weight modules are the most significant class of modules for the affine
Lie algebras, and it would be desirable to build their toroidal analogs. The main
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issue here is that the concept of a highest weight module cannot be introduced
without a triangular decomposition of the Lie algebra. Z°*" is used to grade toroidal
Lie algebras, and for ¢ + N > 1 there is no canonical method for splitting this lattice
into positive and negative components. For the affine Lie algebras graded by Z, this
problem does not exist, and such a splitting is natural for Z.

To divide Z°*", one cuts it with a hyperplane that touches the lattice exclusively at
zero. The equivalence class of the greatest weight modules was examined by [5],
who discovered that Verma modules built in this manner have weight spaces and do
not yield any representations with interesting realizations. [15] investigated
modules according to different lattice decompositions. Cutting the lattice using a
hyperplane that crosses Z°*" at a sublattice of rank (¢ + N —1). is an extreme
method of division. By building a homogeneous vertex operator as a representation
of the fundamental module for the universal central expansion of the multi-loop
algebra [36], Moody, Rao, and Yokonuma adopted this strategy. By introducing a

subalgebra D) _, =®g:y—17z§ of the Lie algebra of vector fields, [18]
14

demonstrated how to get a representation of a larger algebra on a similar space.
The emergence of a K,_,--valued two-cocycle 7; on the Lie algebra of vector
fields—an abelian version of the Virasoro cocycle—was one unexpected discovery
in [18]. [6] provided a main implementation for the fundamental module.Larsson
was able to create a larger population of representations using toroidal Lie algebras
[34] by expanding on these concepts. He demonstrated how an arbitrary greatest
weight module may be used in place of the basic module for the affine Lie algebra g
35— Additionally, Larsson found that these constructs can employ affineg,_,1,,y-_1-
modules as an ingredient. A combination of two-cycles, 7,and 7,, was specified in
Larsson’s work.

By presenting the broad Verma modules for toroidal Lie algebras [3], Berman
and Billig developed a categorical method for the representation theory of toroidal
Lie algebras. They proved that simple quotients of the generalized Verma modules
always have finite-dimensional weight spaces by developing a theory of Lie
algebras with polynomial multiplication. An altered version of Larsson’s approach
was used to generate realizations of these irreducible quotients. [4] provided an
explanation of these results by way of vertex algebra.

Despite the fact that the generalized Verma modules could be constructed for the
whole toroidal algebras and that the conclusion of [3] about finite-dimensional

weight spaces thus holds in full generality, one significant issue remained
]

unanswered in all of these publications. Since the component R 5. was always

o—-1

absent, it was unknown how to create realizations for the modules spanning the
whole toroidal algebra. It is crucial to express this element because it correlates to
the energy-momentum tensor in quantum field theories.

In [9] (unpublished), a class of modules for the whole toroidal Lie algebras was
developed, and we fully resolve this issue here. Another significant family of
algebras that is closely connected to the toroidal Lie algebras is the extended affine
Lie algebras (EALAs). The existence of a non-degenerate symmetric invariant
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bilinear form is the primary characteristic of extended affine Lie algebras. However,
it may be defined on its subalgebra (2 Q g,_2) D Kys_2 D (Dy_2)aiv, Where(D,_,)giv
is the Lie algebra of divergence-zero vector fields on a torus. This form does not
exist on the whole toroidal algebra. Using the limitation from the entire toroidal
algebras [9], [11], the current results enable the development of the representation
theory for the toroidal EALA.

The majority of extending affine Lie algebras may be realized as twisted toroidal
EALAs, as demonstrated in [1]. [13] studies the representation hypothesis of the
twisting toroidal EALAs.

We define B, as a natural group of limited g,_,-modules with finite-dimensional
weight spaces and the central character y. We investigate irreducible modules in
this category and demonstrate that every irreducible module is defined by its top,

T,_, - the highest instance space for the operator d,_;t,_; %.The space T,_, is a
o—1

submodule for the subalgebra g,_,, consisting of g,_, elements having degree zero
with respect to t,_;. Using [3], we describe the generalized Verma module M(T,_,)
and its irreducible quotient L(T,_,), and demonstrate that any irreducible module in
B, is isomorphic to L(T,_;) for an irreducible g,_; -module T, _, with finite-
dimensional weight spaces.Using the findings of [29], [17], and [10], we find that
such g,_;-modules are exactly those examined in [3]: they are multi-loop modules
about R, n_1 ® d,_, and tensor modules about Der(R,,y_;) .We want to fully
ascertain the structure for the g,_,--modules L(T,_,) when we get an explanation of
the tops T,_,. This is accomplished by building these modules’ vertex operator
results. Here, it is important to note that the entire toroidal Lie algebras are vertex
Lie algebras. The universal envelope spanning VOA 1, __ may thus be constructed.

We demonstrate that the irreducible module L(T,_,) is a factor-VOA of V/

90-2

— L(T,_,) using the

for a
certain top T,_,. We investigate the kernel of the projection l;__,
techniques established in [3]. We can learn important things about L(T,_;) from this
kernel. Y (r__)(v,z) = Ois the result of applying the state-field correspondence Y

after establishing that a vector v € _, is a member of the kernel.Important

2
relationships that hold in L(T,_;). are thus derived. Using these relations, we define
a toroidal VOA V(T,_,) as a tensor product of a VOA Vi corresponding to the twisted
Virasoro-affine Lie algebra with f = d,_, ® gy_2lp4n-1. and a sub-VOA VJyp of a
lattice VOA. We are aware that it was necessary to effectively estimate the vertex
operator realization for the toroidal modules. The main distinction with the current
method is that we may simply use relationships in the toroidal Lie algebra g,_, and
its general enveloping vertex algebra I to deduce all the attributes of

the vertex operator realizations from within.

The representation theory of g,_, is controlled by the VOA V(T,_;). We demonstrate
that each irreducible module L(T,_;) in category B, is a simple VOA module for
V(T,_;) and can be built as a tensor product of an irreducible greatest weight
module L; for the twisted Virasoro-affine algebra f and a simple module M, («) for
the VOA V;,,,. We obtain the following decomposition of L(T,_;) for a generic level

¢ by further factoring L; into a tensor product:
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L(T(T—Z) = MI-'I-yp (“) 03¢ ng_z 03¢ Lé‘l(,ﬂ\,_1 03¢ Lj{ei X Lvir

In this way, we reduce the representation theory of toroidal Lie algebras to the
representation theory of affine, Heisenberg, and Virasoro algebras, where the final
four factors are certain irreducible highest-weight modules for the affine algebras
@G_z,flﬁ,v_l , the infinite-dimensional Heisenberg algebra, and the Virasoro
algebra. A realization of the irreducible module for the full toroidal Lie algebra is
obtained whenever explicit realizations for the components in the tensor-product
decomposition above are available.

This raises the following open question: whereas explicit formulations for each

character of irreducible modules can be found, there is no Weyl-type character
formula for toroidal Lie algebras. Such a rule may reveal intriguing number-
theoretic identities.
We revisit the development of the toroidal Lie algebras, presenting a group B, of
gs—2-modules and demonstrating that any irreducible module in B, can be defined
by its top T,_,, whose structure we also describe. We then revisit the definition of
the vertex operator algebra and the construction of the general enveloping vertex
algebra of a vertex Lie algebra, explain the hyperbolic lattice VOA Vy,,, and its sub-
VOA Vljyp, and demonstrate that the full toroidal Lie algebra is a vertex Lie algebra
by defining its enveloping VOA ;  .Next, we decompose L(T,_,) into a tensor
product of two VOAs, Vjj,,,and L;(y,_,), using the relations that hold in the simple
quotientL(T,_;). Lastly, we demonstrate that the structure of a module over the
whole toroidal algebra g,_, is likewise admitted by the larger VOA V(T,_,) =
Vityp @ Vi(¥5-1). We gain a full description of these irreducibleg,_,-module by
showing that all irreducible g,_,-modules. in category B, are simple VOA modules
for V(T,_,).

. Toroidal Lie algebras.

In this section, following [3], we review toroidal Lie algebras—the natural multi-
variable generalizations of affine Lie algebras—constructed over the simple finite-
dimensional Lie algebra g,_, over C with a non-degenerate invariant bilinear form (-
[), where ¢ + N > 2 is an integer.

We examine the Lie algebra R & §,_, of mappings from an ¢ + N -dimensional torus
into §,_, , where the algebra of Fourier polynomials on the torus is R =
C[tg_l,to_i, ...,t;ﬂ,\,_l]. The following development, attributed to [33], characterizes
the general central extension of this Lie algebra. We assume the space of 1-forms on
the torus is(Q% =G+GN9 ' Rdt,with {k, = t;'dt, |[p=0—1,..,0 + N — 1} as a basis for

p=0c—1

this free R-module. The space of functions R admits a natural map Q% defined

by Qz: d(f) = X521 %dtp = yorit tp:T’;kp . For the general central extension

RQs—2) DKy_p of RQ §,_- is realized as
K-z = Qp/d(R)
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Using the following formula to determine the Lie bracket:

[f1(to-2)Gor [2(ts-2)Go41] = f1(te-2)f2(ts-2)[Gor Go+1] + (o | Gor1)f2d(f1)

Using the canonical projection Q} — QL/d(R), we use the same symbols to
represent K, _, elements as we use for QR"].
ToR Q §,_2) D K,_,, we add the algebra D, _, of vector fields on the torus

o+N-1
2= D,
p=oc—1

d . .. . o
We will use the multi-index notation writing t,_, =

where d tha'

To-14T To+N-1
to ity Ny for = (1y-1, 75, oo, Topn—1), €tC.

The natural action ofD,_, on R & g,_-
[t5—2da ti 29521 = Matgi3 o2 (2.1)
This only applies to the operation on the universal central extension (R @ §,_,) @

Ko via
o+N-1

(652, okey] = Moty Thy + 8y ) Tt Tk, 22)
p=0c-1

This is equivalent to the Lie derivative action of vector fields on l-forms, and it
appears that there is still an additional degree of freedom in determining the Lie
algebra construction on (R Q §,_,) @ Ky,_, @ D,_,.The Lie bracket on D,_, may be
twisted with a K,_,-valued two- cocycle'
[tr—2da tg-2dp] = Metyi3id, — rptyi3tdg + T(tg_2da, titpdy) (2.3)

The Gelfand-Fuks cohomologytheory[23], [39] might be used to compute the
second cohomology space H?(D,_,, K,_,). Unfortunately, this theory does not apply
to the algebra of Fourier polynomials that we address here; rather, it only permits
calculations in the C* setting, that is, when & is substituted with the algebra of
infinitely differentiable functions on a torus. The computation of ch,w (Dy—2,K5_>) has
been performed in [14] for the C® scenario. The dimension of the second
harmonious space for the (¢ + N)-dimensional torus wheno + N > 2 is

. 2 g+ N
dlchw(Dg_z,:}Co-_z) =2+ ( )

3
And this space's foundation is made up of the following cocycles:

o+N-1

T, (th _odg, tT,dy) = myry Z myte Tk,
p=oc—1
o+N-1

T2(t5_2da, t—2dp) = Tamy Z mptH-mk
p=0c—1

together with a family {n,,c |0 —1 <a <b <c <o+ N — 1}, where the cocycle 1,
is defined by the following criteria:

Nabe(ty—2005(@) tat2do,)) = (—1)t5 0 kg, ()
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for any permutation gy: {a, b, ¢} - {a, b, c} and ngpc(t5_od;, t7,d;) = 0ifi = jor {i,j} ¢
{a,b,c}. It is clear that H*(D,_,,K,_,) in the algebraic setup contains the space
ng (Dy-2,K5—2). Once a cocycle n,,. has been used to twist, the vector fields d, and
d, cease to commute because we will only be looking at the cocycles 7; and 7, in
this analysis. Our formula will be t = ut; + v7,. The entire toroidal Lie algebra is the
name given to the resultant algebra (or rather, a family of algebras).

85-2 = 8g-2 (,LL, V) = (R ® QG—Z) @ jCa—Z @ DJ—Z
The center Z of the toroidal Lie g,_, becomes finite-dimensional with the basis
{ko_1, kg, ., kgin—1} Once the algebra of derivations D,_, is added, as is evident
from the non-trivial action (2.2) of D,_, on K, _,.
Toroidal Lie algebras’ representation theory was first studied in [36] and [18], and it
has since advanced in [6], [34], [3], and [4]. One issue that has persisted throughout
all of them is that the representations created there were just for a subalgebra, not
the whole toroidal algebra g,_».
o+N-1
G2 = R®6,2) @Ko, ® | EP R, |
p=0
When the toroidal energy-momentum tensor’s corresponding portion, Rd,_;, was
absent, we examine representations for the entire toroidal Lie algebra (see [12]), as
this left the theory in a somewhat unfinished state.

3. Formulating the Category of Bounded Modules for Toroidal Lie Algebras

In this section, we present a category of bounded modules for toroidal Lie algebras
that parallels the highest-weight modules of affine Kac-Moody algebras,
distinguished by highest-weight spaces endowed with a multi-loop module
structure over a smaller toroidal subalgebra.

In terms of applications, these bounded modules show a lot of promise: a toroidal
extension of the Korteweg-de Vries hierarchy was constructed in [7] using a module
of this kind, and solitons for these non-linear PDEs may be constructed from the
vertex operator realizations of the toroidal modules. In our build, the variable t,_;
will be very important; from the standpoint of physics, it may be understood as time,
whereas the space variables are t, ... t;, y_1- The eigenvalues of the adjoint action of
dy_1,dg, ...dyin—1 give the algebra g, , a Z°*N -grading; {€,_1, ..., €g4n—1} Will be
used to represent the standard basis of Z°*". Additionally, we shall take into
account it is Z-grading just in relation to the action of d,;_4:

8o—2 =D (85-2)n
nez
and define subalgebras (g,_,)+ = D (g5-2)n, Which yields the decomposition g,_, =
- n=20
(96—2)— @ 8o-1 @ (90—2)+'
Remember that Z = Span(k,_q, kg, ..., kg4+n—1) is the (0 + N)-dimensional center Zof

gs—2 - It is obvious that these fundamental elements will behave as scalar
multiplications in any irreducible weight module with finite-dimensional weight
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spaces. For the toroidal Lie algebra, we establish a category of bounded modules
with central character y and fix a non-zero central character y: Z — C.

Definition (3.1).For the toroidal Lie algebra, a group B, of bounded modules is a
group whose objects are g,_,-modules B that meet the following axioms:

(Bl) the subalgebra (d,_q,dy, ..., ds4+n—1) has a weight decomposition with respect
toB, where

B= @ B,

me Co+tN
B, ={UEB | dj(v) =mjv,j=a—1,...,a+N—1};
(B2) All weight spaces B,,are finite-dimensional;
(B3) The central character y:kiv=yx(kj)v V v€Bj=0—-1,..,0+N—-1 ;
, provides the action of the center Z on B;
(B4) The eigenvalues of d,_; on B have real components that are limited from above.
The last
postulate has a physical meaning: there are states with the lowest energy, implying
that the spectrum of the energy operator F = —d,;_; has a lower bound. We identify
the characteristics of irreducible modules in category B,. We will demonstrate that
the central character must meet the requirements y(k;) = 0, ..., x(ks4ny—1) = 0 for B,

to be non-trivial. Since y must obviously disappear on a (¢ + N — 1)-dimensional
subspace in Z, it becomes out that the choice of the operator d,_;in axiom (B4) must
be

"aligned" with this (¢ + N — 1)-dimensional nullspace.

Lemma 3.2 (see [12])
Assume that B, is a category that is not trivial. Then, Vj =g, ...,0 + N — 1, )((kj) =0.
Evidence.

Proof. In B,, let B be a non-trivial group. We argue by contradiction and suppose
that for somej, o0<j<o+N-—1, x(kj)=c¢; # 0. Since the spectrum of d,_, is
bounded from above, we may choose a weight space B, such that m,_; + 1 is not an
eigenvalue of d,_;on B. Consider the following family of vectors, where v is a non-
zero vector in B,:

(t:2:6"k; )t 20tk v, n=1.2,...
We assert that these vectors are all linearly independent and that they all clearly
belong to the same weight space, B,,_,,,_,- Sure, let’s say.

D an(tzh i) (658U )v = 0

n>0
Since

da—l(ta—lt]rdcr—l)v = (ma—l + 1)(ta—1t]rda—1)v
and m,_; + 1 is not an eigenvalue of d;,_; on B, we conclude that (ta_ltjrd(,_l)v =
0V r € Z. We also note that
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[to-1t] g1, t; 21 Ek; | = —t] *k; = =6, _sk;
Considering these two facts, we obtain that, for r > 0,

0 = (tg-1t] dg-1)(to-1t; Tdy_1) Z an(t5 267 (t521 8]k )v = apcfv

n>0
Since ¢i#0 , we conclude that a,=0Vr>0 . Thus the vectors

{(t52167™k; ) (t524t1'k; )v} with n > 0 are linearly independent, which contradicts (B2).
This proves that (k;) =0, ..., y(kgs4n—-1) = O.

We set a non-zero constant ¢ € C for the remainder and let y = (c,0,...,0). The
multivariable t,_, will no longer contain t,_;; specifically, t,_, will represent
tel .t ot etc.

In category B,, consider an irreducible module L, where the eigenvalues of d,_; on
L are obviously part of a single Z-coset in C; let T,_, be the matching eigenspace,
and let d be the eigenvalue of d,_; with the greatest real portion.

Clearly, T,_, is a g,_;-module, with (g,_,);T,_> = 0. The irreducibility of L implies
the irreducibility of T;_, as a g,_;-module. We shall refer to the subspace T,_, as the
top of L. Next, we will discuss the structure of T,_,. We shall use [29]’s result for this
(see [12]).

Theorem 3.3 ([29]). Suppose y(k,_1) =c #0,x(ks;) =0, ..., x(kyin—1) = 0. Let L be
an irreducible module in group3B, with the top T;_,. Then
Ty_z = C[qF, - qzen-1] ® U
The above equation states that, for finite-dimensional spaces U, the effect of g,_; on
Ty—,is
(tr—2ko-1)(q52, @ W) = cqz"7 Qu, (tg—zkj)(qgn—z Qu) =0, (3.1
do-1(qo-2 Q@ u) =dqg-, Qu, d;j(q5-, @ u)
= (mj+aj)qg‘_2®u, uel,j=o,..,0+N -1, (3.2)
for some fixed a = (ay, ..., @g4n—1) € C°PV™1 d € C.
If we take the quotient of g,_; by the ideal ] = Span{t]_,k; | T € Z°*" 1, j =0, ..,0 +
N — 1} , which annihilates T,_, , The Lie algebra of vector fields D, y_1 =
Der(C[t;—’, t;—r+N_1]on (o0 + N — 1)-dimensional torus with a multi-loop algebra will
thus provide a semi-direct product:
85-1/) = Dosn-1 X C[tF, ., t5yn-1] ® (85— © Cdg_y @ Chy_y)
Since %(t;_zk(,_l) acts on T,_, as multiplication by q,_,, according to (2.2), the
following compatibility connections exist between the action of g,_; and the
operators of multiplication by g/, _,:
(tg—zdj)qcrr—z - qg—z(tg—zdj) =17q575(3.3)
(tg—2do-1)q5-2 = do-2(t5_2ds-1), (t5-295-2)95-2 = Qo-2(t5-295-2), YGo-2
€ d,-2(3.4)
It was demonstrated by [l17] that every irreducible D,,y_; -module with a
compatible action of the algebra of Laurent polynomials is a tensor module; for the
semidirect product of D, y_, with a multi-loop algebra, we will use a variant of this
conclusion found in [10], Theorem 4(c) (see [12]):
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Theorem 3.4 ([17], [10]). Leta € C°*"~1 ¢, d € C,c # 0. Let T;,_, be an irreducible
g,—1-module satisfying the conclusion of Theorem 3.3, as well as (3.3),(3.4). Then
there exist a finite-dimensional irreducible §,_,-module I/ and a finite-dimensional
irreducible g,_,l;,y_1-module W, such that

Ty_z = ClqF, ..qtn_1] @V Q W(3.5)
and the action of g,_; on T,;_, is given by (3.1) and

(tg—zdj)(qgl—z RrRw) = (mj + aj)q;njzr QURw

o+N-1

+ Z qey @ v Eyjw, j=0,..,0+N—1(3.6)
p=0

(tr-2ds-1)(q5, @V QW) =dql] Qv w(3.7)

(t5-295-2)(q5-2 @V R W) = 477 ® go_2V QW, Jo_2 € ds—z- (3.8)

A matrix with 1 in position (p,j) and zeros everywhere else is indicated by the
symbol E; in (3.6).

We deduce that an irreducible module in category B, produces the following
information by combining these two theorems: a constantd € C, a € C°*""1 and a
finite-dimensional irreducible g,_,-module V. The choice of a is not canonical, since
it may be altered to any value in the coset a € C°*"~1 by selecting a different weight
space for the generating of T,_, as a free C[qZ,...,qF,y_;]-module. The identity
matrix operates on an irreducible g,_;l;,y_1-module W through the action of
sly4n—1 and a scalar h.

In [3], it was demonstrated that there exists an irreducible module in B, with T;_, as
a top for any g,_;-module T,_,, which corresponds to the data (V,W,h,d, a) as
mentioned above. We go over this structure again.

first, we define the generalized Verma module as the induced module and let
(g5-2)4act trivially on T, _,.

M(Ty—2) = Indg7 g ), (To-2)
Note that the module M(T,_,) does not belong to category B, since its weight

spaces lying below T,;_, are infinite-dimensional. The following result holds:

Theorem 3.5 ([3]). (2) The g,_,-module M(T,_,) has a unique maximal submodule
A{md_
(b) The factor-module L(T,_,) = M(T,_,)/M*¢ is an irreducible g,_,-module.
(c) All weight spaces of L(T,;_,) are finite-dimensional, and L(T,_,) belongs to
the category B,.
Summarizing, we get the following
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Theorem 3.6 (see [12]). (a) Assume y is a core character that is not zero y: Z - C. If
and only if y(k,_;) =c, x(ks;) =0, ..., x(ky1n—1) = 0 for some non-zero c € C, then a
group3B,, is non-trivial.

Let now ¢ # 0. and y = (c,0, ...,0).

(b) Irreducible g_(c—2)-modules in groupB, correspond one-to-one to the data
(V,W,h,d,a), where V/ is an irreducible §,_,-module of finite dimension, W is an
irreducible sl y_;-module of finite dimension, a € C°*¥~1/Z7*N-1 h and h, d € C.

(c) All irreducible modules in group B, are isomorphic to L(T,_;), where

To2 = (C[CI;‘F, Q§+N—1] VW
Using the g,_4 action provided by (3.1) and (3.6)—(3.8).

Proof. Part (a) is already proved in Lemma 3.2. Let us now prove portion (c). An
irreducible module L in category B, has a top T,_,, as specified in Theorem 3.4.
Thus, L is a factor module of M(T,_,). However, M(T,_,) possesses a single
irreducible factor that is isomorphic to L(T,_,). This shows that L = L(T,_,). Part (b)
is derived from (c) and Theorem 3.5.

We fully define the structure of irreducible modules L(T,_,) and identify their
characteristics by utilizing the theory of vertex operator algebras (VOAs); we shall
prove that, given a certain set of data (V,W,h,d,a ), with V and W to be trivial 1-

dimensional modules for §,_, and sl;,y_;,a =0,h=(c+N—1)vc and d = %(u +
v)c, the top

Tcr—l = (C[q;—r, ey CI;'_'-+N—1]
All irreducible modules L(T,_,) are VOAmodules for a somewhat larger VOA
V(T,_.1), whereas the module L(T,_,) is a vertex operator algebra. Using the VOA
theory’s concept of identity preservation, we can quickly ascertain the structure of
all the modules L(T,_,) after we have established the structure of V(T,_,) as a VOA.

4. Vertex operator algebras and vertex Lie algebras.

In this section, we systematically develop the core definitions and fundamental
properties of vertex operator algebras and vertex Lie algebras, establishing the
theoretical framework that will underpin our subsequent analyses.

4.1. Core Definitions and Structural Properties of a VOA.
We review the fundamental ideas of the vertex operator algebra theory, here
following [31] and [35].

Definition4.1.1. [12].A vector space V that has a linear map Y (state-field
correspondence), an operator D (infinitesimal translation), and a distinct vector 1
(vacuum vector) is called a vertex algebra

Y(,z): V(EndV)[[zz7']],

arY(az)= Z a(n)z‘”‘1 (where am) € EndV),
nez
So that the following presumptions are true:

(V1) Va,b €V, agb = 0 for n sufficiently large;
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(V2) [D,Y(a,2)] = Y(D(a),2) =+-Y(a,z) forany a € V;

(V3)Y(1,2) = Idy;

(V4)Y(a,z)1 € V[[z]] and Y (a,z)1|,—o = aVa € V (self-replication);

(V8) Va,b €V, the fields Y(a, z) and Y (b, z) are mutually local, that is,
(z=w)"[Y(a,2),Y(b,w)] =0, forn sufficiently large.

A vertex algebra V is called a vertex operator algebra (VOA) if, in addition, V

contains a vector w (Virasoro element) such that

(V6) The components L(n) = w41) of the field

Y(w,2z) = Z Wz = 2 L(n)z-"-2

nez Nnez

satisfy the Virasoro algebra relations:
3

n
w (rankV)Id, where rankV € C (4.1)

L), L(m)] = (n — m)L(n + m) + 8y

(V1) D = L(-1);
(V8) V is graded by the eigenvalues of L(0):V = @ V;, with L(0)|,, = nld.
nez

The definition of a VOA is thus finished.
One significant commutator formula that results from the vertex algebra’s axioms is

5 (z—j)l (4.2)

as follows:

1 0
Y(@z), Y (b 2] = ) —¥(agmh,z,) [Zf (72

n=0
5(2) = Z .

The delta function, as expected, is:
nez

According to (V1), the commutator formula’s right-hand sum is in fact finite.
The non-negative integers (degree) that are used to grade each of the vertex

operator algebras shown are V =@ V,. In this instance, the commutator formula
n=0

(4.2)’s right-hand sum goes from n = deg(a) + deg(b) — 1, because

n

deg(amb) = deg(a) + deg(b) —n—1 (4.3)
The negative-degree factors disappear.
From (V7) and (V8), it is evident that

wya = D(a), wya =deg(a)a for a homogeneous. (4.4)
The Borcherds’ identity is an additional result of a vertex algebra’s axioms:

m ' (o+k—1
z (] ) (a(a+k_1+])b)(m+n—j)c = Z (_1)0+k+] ( j )b(n+a+k—1—j)a(m+j)c

J20 7=0

(o+k—1
+Z (—1)/ ( j )a(m+0+k_1_ Sbape, (@+k—1).mn €L (45)
j=0
When m = 0, we will specifically require its special case:
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o+ k—1
(a(6+k—1)b)(n)c = z (_1)J+k+] ( j )b(n+a+k—1—j)a(j)c

j=0
(o+k—1
+ Z (—1)] ( ] )a((,_,_k_l_j)b(n_,_j)c, o+ k— 1,7’7, EZ (4‘6)
j=0
The skew-symmetry identity is the final formula we cite here:
o1
a(n)b = Z (—1)n+1+1j—!D1(b(n+j)a) (47)
j=0

4.2. Tensor products of VOAs.

The tensor product of two VOAs (V',Y',w’,1) and (V",Y",w", 1) is defined here (the

situation of an arbitrary number of components is a straightforward generalization),

and the VOA structure of the tensor product space V = V' ® V"' is found under:
Y(a@a®b,z)=Y'(a,2) Y"(b,z) (4.8)

w=w'Q®I1+1Q w" (4.9)

By taking the vacuumof V=V' Q V" tobe 1 = 1 ® 1, equation (4.9) then guarantees

that the rank of V (cf. V6) decomposes exactly as the sum of the ranks of its tensor

factors.

4.3. Vertex Lie algebras.

In this subsection, we introduce vertex Lie algebras as the algebraic backbone of
vertex operator algebras, developing their construction and key properties through
the unified framework of [16], with complementary insights from [37], [38], [31], and
[20].

Let {u(n),c(-1) lu € U,c € C,n € Z}(U,C be the basis of a Lie algebra L, where U
and C are some index sets. In £[[z, z7!]|, define the corresponding fields:

u(z) = Z u(n)z" Y, c(z) =c(-1)z°% ueUceCl.
NneZ
Let F be the subspace of £[[z,z71]| covered by all u(z), ¢(z), and their derivatives of

all orders.

Definition4.3.1 [12].A Lie algebra L with the aforementioned basis is termed a
vertex Lie algebra if the following two conditions are met:
“(VL1) Vuy,u, €U,

[ (22), w45 (7)] = Z ) [ (ai)j 5 (—)] (4.10)

where f;(z) € F,n = 0 and depend on uy, u,,

(VL2) Vc € C, the elements c(—1) are central in L.

ForL(Mbe a subspace in £ with the basis {u(n) | u € U,n > 0} and let Lbe a
subspace with the basis {u(n),c(—1) |u € U,c € C,n < 0}. Then L = L&) @ £ and
L), L) are in fact subalgebras in L.
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The universal enveloping vertex algebra V; of a vertex Lie algebra L is
defined as an induced module

V; = Ind;,(C1) =U(LO) @ 1

where C1 is a trivial 1-dimensional £ module”.

Theorem 4.3.2 ([16], Theorem 4.8)Let L be a vertex Lie algebra. Then

(a) V; has a vertex-algebraic structure with infinitesimal translation D and vacuum
vector 1. This logically extends the derivation of £ given by the state—field
correspondence map Y, which is D(u(n)) = —nu(n—1),D(c(-1)) =0,u € U,c €
Cdetermined by the following formulas:

Y(a; (=1 =ny) . a5ik—2(—1 = Ngyr_2)g4p-1(—1 = Ng1x-1)1,2)

Y S AT

where q; € U,n; = 0ora; € C,n; = 0.

(b) A vertex algebra module for V; is any limited £ -module.
(c) The factor module for an arbitrary character y:C —» C

Ve@) = U(LO)1/U(LON(e(=1) = ¥ () D)eec
is an algebra quotient of vertices.
(d) A vertex algebra module for V,(y) is any limited £L-module where c(—1)
acts as y(c)Id, Vc € C. The normal ordering of two fields is defined in formula (4.11)
above, the normal ordering of two fields : a(z)b(z) : is defined as

ca(z)b(z):= Z amyz " 'h(2) + Z b(z)amyz "1

n<o n=0

Take note of the relationship that we will employ subtly throughout: (a(—1)1) ) =
a(n)Va € U,n € Z.

Theorem 4.3.3 (see [12]). A vertex algebra ideal in V; is any D -invariant L-
submodule U in V;; on the other hand, each vertex algebra ideal inV,; is an L-
submodule that is D-invariant.

Proof.Let’'s demonstrate the Theorem’s first section. We must demonstrate that Va €
Vi, ueUandn€Z , we have apyu € U and uyya € U.. Equation (4.7) suffices to

demonstrate that ag,yu € U. It suffices to look at a in the form a=a;(-1—
Nq) . Qgik—1(—1—Nngyp_1)1,where a; EU U C,n; = 0. We use induction on (o + k —
1). For 0 + k = 1 we get thata = 1 and 1,,)u = 6, _,u. Borcherds’ formula (4.6) and

U’s L -invariance provide the foundation for the inductive step, and the second half
of the Theorem derives directly from the definition of V;.

Corollary 4.3.4 If U is the largest D-invariant £ -submodule of V/;, then the quotient
L; =V, /U is a simple vertex algebra.

Remark 4.3.5. The vertex algebra V; becomes a VOA when the set U contains an
element w that generates the Virasoro field w(z) in £, satisfying [w(0),a(n)] =
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—na(n — 1)Va € U. In the statement of Theorem 4.3.3, the condition of D-invariance
of U will automatically follow from its L-invariance.

4.4. The twisted Virasoro-affine algebra is linked to VOA

The planned toroidal VOA breaks down into a tensor product of two VOAs. Here we
introduce one of these factors, a VOA related to a twisted Virasoro-affine Lie
algebra.

Let f be a reductive Lie algebra with finite dimensions. Examine the following semi-
direct product of a loop algebra and the Lie algebra of vector fields on a circle:

f = DerClty_y, t;24] X Cltg_y, ;2] @ F
The universal central extension of the Lie algebra f  is a twisted Virasoro-affine
algebra f. One may demonstrate that the second cohomology of f_ has the following
description by using the findings on the Lie algebra of vector fields on a circle and
the central extensions of the loop algebras:
HZ('T’) — Sz(if)inv D finv @ C

The Virasoro cocycle on DerC[t,_;,t;,] is represented by the last 1-dimensional
component, and Cy;,will be used to represent its generator. Since f is reductive, we
have the following canonical projections of f-modules:

®: f® f N SZ(;’f)inv
and

¥ oz ="
The Lie bracket in the twisted Virasoro-affine algebra f = f @ S2(H))™ @ {f™ @ C: will

be written down using these maps:
n3

[L(n), Lom)] = (n — m)L(n +m) + 1; = 6 —mCoir (4.12)

[L(n), f(m)] = —mf(n+m) — (n® + n)&p _mP(f) (4.13)
[f(n) Yo- Z(m)] = [f Yo- 2](”— + m) + n6n,—m<p(f ® ga—z), f' Yo-2 € f (4'14)

L(n) = —tnt1 -2 i andf(n) = t"_, ® fVf € fis the notations used here and below.

.Consider the f1e1ds listed below:

w(z) = Z w(n)z "1 = Z L(n)z "2

nez nez
and

fo) =) fmz™, for fef

nez

Proposition 4.4.1. (see [12]).The Virasoro-affine twisted Lie algebra, a vertex Lie
algebra, is denoted by f.

Proof. Consider the element w and a basis of  for a set U, and S%(H)™ @ {*¥ @ C.
Then, the following rewriting of the defining relations (4.12)—(4. 14) is possible:

[w(2,), w(2,)] = <aaz (U(Zz)> [21‘15 C—j)] +2w(z;) [Zl 97, 7,° (z)]
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el (2 o2
9] Zy
(00, f(z)] = (5%)) [21_15 ()] + fez
2 2,
—(f) I 022 5 (Z—1>l (4.16)

G021 = 0521 |16 (2)] + 007 @ g0 [ 58 (2] aa7)

This demonstrates that f is a vertex Lie algebra, and the Proposition’s assertion is
validated.We will now fix ftobe f = d,_2 D Jo_2lp+n-1-
A symmetric invariant bilinear form on f is defined by a linear map S%(f)™ - C. The
dual space to the space of symmetric invariant forms on f is therefore S?(f)"*", which
has dimensional 3. We fix a form on the space of scalar matrices normalized by its
value on the identity matrix: (I | [) = 1; an invariant form on sl;,y_; with the same
normalization; and an invariant form on §,_, normalized by the requirement that (« |
a) =2 for the long roots of §,_, .Denote the dual basis in S%(f)"™
bY{Cgo_z Cotgrn-v» Cotei}-
The generator (I) of the one-dimensional space {"¥ = Z(f) shall be represented
by Cys. Because of this, the space H?(f) has 5 -dimensional, and the basis is
{ Sg—2’ slg+N 1JCJ-[eu Cyae, CVLT‘}
The Lie algebra f contains four subalgebras - a Virasoro algebra, two affine
algebras, 8,2 = Clty_1,t;21 ® 452 D CC;,, and  slyy g = Cltg1,t;21] ®
Slyan-1 EB CCs,,y_, » and an infinite-dimensional Heisenberg algebra Hei =
(C[a nt ]®I@CC}[€L
F1x a central character: H?(f) - C:
Y(Cga_z) = Cgp_yr V(CslU+N_1) = Cslyzon_1’ Y(Cogei) = Caeein ¥ (Cvse) = cvges ¥ (Cyip)
= Cyir
and consider the corresponding quotient V;(y) of the universal enveloping vertex
algebra. Using the commutator formula (4.2), we derive from (4.16), (4.17) the
following relations for the n-th products (see [12]).

Lemma 4.4.2. The following relations hold in V;(y) :
Eap(0)Eca(—1)1 = 6pcEqq(—1)1 — SgqEcp (11

Corei Cslgin—
@ Ean(DEcalD1= Suaboecityo, 1+ Sanbea (G e~ 5 1) 1

Eab(n)ECd(_l)l =0forn=>2
0y Eap(—1)1 = D(Eqp(—D1), w)Eep(—1)1 = Egp(—1)1
(b) 2cVH
w(z)Eab(—l)l = _(Sab ml, w(n)Eab(—l)l =0forn=>3

Now let’s talk about {’s bounded weight modules: in t,_; this Lie algebra is Z-
graded by degree, and the decomposition f = f_ @ f, @D f, is associated with this
grading, where f,=Cd,_; D d5-2 D Jo_2lpin-1 D H?*(F) ; let W be a finite-
dimensional irreducible module for sl;,y_; and V a finite-dimensional irreducible
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d,_, -module, assign two constants hy; and hs,; € C and a central character
y:H?(H) - C, and describe the structure of an irreducible f,-module on V ® W where
y determines the action of H?(f), L(0) = —d,_; acts as multiplication by hy;,, and I
acts as multiplication by hy,;; take the induced module into consideration and let
fracton V @ W trivially

M;(V, W, hygei, hyir, v) = Ind;(,@h vVew)
We call this module Lf(V, W, hyreir hyir, V), since it has a single maximal submodule,
and the factor module by the maximal submodule is an irreducible j-module.
Note that the irreducible module L;(C,C,0,0,y) is exactly the simple VOA L;(y) for
the basic 1-dimensional modules VV = C, W = C, with hy; = hy.; = 0.
For generic y (y not at a critical level), we may use the Sugawara technique to
decompose the irreducible module L;(V, W, hyr;, hyir, ) into a tensor product of

irreducible Virasoro, affine, and Heisenberg modules.

Proposition 4.4.3. (see [12]). Letc, ~+ —h"
h" representing the dual Coxeter number for §,_,. The VOA Vi(y) then breaks down

# —(0+ N —1),cye; # 0, with

8o-2 ’ CSlcr+N—1

into a tensor product of four VOAs:

Vi) = Vs, _,(cs,,) @ Vi (Csiginr) @ Vacer(€rrer) @ Vi (cir)
where

Cgo—_zdim(ga—z) _ Csl(ﬂ_N_l((o' +N— 1)2 - 1) _

! —_
Cvir = Cvir —

Cop_, T HY Csigoy, TO+N—1
Chae
+ 12 (4.18)
Crtei
And a non-standard Virasoro element is used to get the Heisenberg VOA Vi,; (C1rei)
c
Wire = I(-DI-D1+ 2 1(-2)1 (4.19)
Hei Crrei
2
such that its rank is 1 — 12 2£
Ciel

Proof. To achieve this, the Sugawara construction is applied three times: to the
twisted Virasoro-Heisenberg subalgebra, the affine §,_, -subalgebra, and the
affine sl,,y_, -subalgebra (for more information, see [2] and [22]). Given the
familiarity of this structure, we only outline the evidence.

Regarding the selected invariant bilinear forms, let {u;}, {ul} be dual bases of §,_,
and {v;},{v/}bedual basesofsl,,y_;. Think about a brand-new Virasoro field.

1 . 1 .
w (Z) = G)(Z) - mzl :ui(z)u (Z)Z — 2(C510_+N_1 Lo+ N— I)Z :Uj(Z)‘U](Z):
. _Cwe 0
~ e @I@: = @), (4.20)

With the action of the central element provided by (4.18), it is straightforward to
verify that the modes of w'(z) satisfy the Virasoro algebra relations, and this new
Virasoro field w'(z) commutes with the Heisenberg subalgebra field and with the
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fields of the affine §,_, and sl ,y_; subalgebras; the homomorphism of vertex
algebras is defined by formula (4.20)

V@a—z (Cga—z) ® VSAZU+N_1 (Cslm.N_l) X Vﬂei(cﬂei) b2 VVl'T(C'I,ﬁT) - Vf(y)
This is an isomorphism in reality. Moreover, the foregoing map becomes an
isomorphism of the VOAs if we select the Virasoro element in Vy,;(cy.;) to be the
one provided by (4.19).

Corollary 4.4.4. [12]. The irreducible highest-weight f-module Li(V, W, hy.;, by, ¥)
decomposes into a tensor product of irreducible highest-weight modules for the
affine ﬁa_z, sl;;_l, the infinite-dimensional Heisenberg, and the Virasoro modules,
subject to the same restriction on the central charges as in Proposition 4.4.3:

Li(V, W, hytei, hyir, V)

= L@a—z (V' Cga—z) ® L§a+N—1(W' CSla+N—1) Q Lytei (hgreir Carei)

® LViT(hWIhr' C1’7ir)
where ¢y, _is given by (4.18) and
B, =h, — Qy 3 % e — ZCV%h}[ei. 4.21)

ir T 2(cq,_, +hY) 2(coy,,,+o+N-—1) 2Cyei

The eigenvalues of the Casimir operators of §,_, and sl;,y_, onV and W denoted
by Qy and Q,, respectively. The formulas for these are by Q, = (4 | 4y + 2p) and
Quw = Ay | Ay + 2p), where Ay is the irreducibleg,_,-module /’s greatest weight and
Aw 1s the sl y_1-module W’s maximum weight [30].

9o-2

Remark 4.4.5. The remaining elements can still be subjected to a partial Sugawara
construction even if one of the inequalities in the preceding proposition's assertion
is broken. For instance, the irreducible highest-weight f-module is isomorphic to the
tensor product of the affine §,_, and sl,,y_;-modules and an irreducible highest-
weight module for the twisted Heisenberg-Virasoro algebra at level zero if ¢y, _, #
—hY,cg,, v, # —(0 + N —1), but cz.; = 0. In [8] we calculated the characteristics of
such modules for the twisted Heisenberg-Virasoro algebra.

As we previously discussed, the toroidal VOA breaks down into a tensor product, of
which a twisted Virasoro-affine VOA is one of the factors, and we will now discuss a
sub-VOA of a lattice VOA, which is the other ingredient in this decomposition.

4.5. Hyperbolic lattice VOA.

Wepresent here an explicit and necessary construction of the hyperbolic
lattice vertex operator algebra realizing the lattice factor in the decomposition of
the Toroidal VOA given in Section 4, supplying the lattice currents, cocycle data,
and module category required for a precise analysis of the twisted Virasoro-affine
subtheory, while noting that the general construction for a VOA associated with any
even lattice appears in the standard sources [22] and [31].

Consider a hyperbolic lattice Hyp, which is a free abelian group on 2(o + N — 1)-
generators {u;, v; | i = o, ...,06 + N — 1} with the symmetric bilinear form

(‘IY): Hyp XHyp - Z
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defined by
(wilv) =8y, (wlw)=(vilv)=0
Observe that Hyp is an even lattice, i.e., (x | x) € 2Z, and that the form (:|-) is
nondegenerate.
The following is how the VOA related to Hyp is constructed.
We start by complexifying Hyp:

H = Hyp ®zC
Then use linearity on H to extend (-|-). Next, we define a Lie algebra in order to
"affinize" H by setting A = C[t,_,, t;1,] ® H @ CK, with the bracket
[x(n),y(m)] = n(x | ¥)8n-mK, xy€H, [HK]=0 (4.22)

The notation x(n) = t}_, ® x is used here and below. The triangular decomposition
of the algebra His H = H_ ® H, @ H,, where A, = (1 ® H,K) and H, =t 5, C[tI,| ®
H.

We now explain the twisted group algebra of Hyp, C[Hyp], which is also required.
The set {e* | x € Hyp} is the basis of C[Hyp], and the multiplication is twisted by the
2-cocycle e:

e*eY = e(x,y)e*™, x,y € Hyp, (4.23)
where € denotes a map that is multiplicatively bilinear.
€: Hyp X Hyp - {1},
defined on the generators by e(v;,u) = (—=1)%,e(u;,v;) = e(w, w) = €(v, v;) =
1, i,j=o0,..,0+N—-1.
The structure of the H, @ H,--module on C[Hyp] is defined by allowing H, to act
trivially on C[Hyp] and H, to act by
x(0)eY = (x| y)eY, Ke¥ =¢eY (4.24)

Lastly, let the induced H-module be Vy,,:

VHyp = Indgo@ﬁ+(C[Hyp])
The VOA that is connected to the lattice Hyp is this one. Vy,, is a space that is

isomorphic to the tensor product of the twisted group algebra C[Hyp] and the
symmetric algebra S(A_):

Viyp = S(H-) ® C[Hyp]
The components of C[Hyp] are used to define the Y-map by:

Y(e*,z) = exp Zx(;j)zj exp —Z xT(,i)z_j e*z* (4.25)

j=1 j=1

In this case, z¥e” = z*YeY, and e* acts by twisted multiplication (4.23). For a
general components a = x;(—1—ny) . Xg1p-1(—1 —Ngyr-1) Qe¥ , with x;,y€
Hyp,n; = 0, one defines (cf. (4.11))
1 0 nq 1 0 No+k-1
Y(a,z) = (n_l' (&) xl(z)> ( (5) xa+k_1(z)> Y(e?,z): (4.26)

ncr+k—1!
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where x(z) = Y jezx()z /1.

The Virasoro element in Vi, is wyyp = 2925 " tu,(—1)v,(—1)1, where 1 = e°
is the identity element of Vyy, . The rank of Vy,,,, is2(¢ + N — 1).
Instead of Vy,, itself, we would require its sub-VOA ngp in order to construct the
toroidal VOAs:

Vityp = S(A-) ® C[Hyp*]

where Hyp* (resp. Hyp™) is the isotropic sublattice of Hyp generated by {u; | i =
0,..,0+N—1} (xresp.{v; li=o0,.., 0+ N —1}).
Inspection of (4.25) and (4.26) allows one to confirm right away that VJyp is, in fact,
sub-VOA of Vy,,,. Additionally, observe that C[H *p*] is the standard untwisted

group algebra since the cocycle € trivializes on it. Since the Virasoro element of
Vilyp is identical to that of Vy,,, its rank is also 2(¢ + N — 1).

A class of modules for Vy,,is described. Examine the vector space H* = Hyp* ®; C
and its group algebra C[H*]. The space S(ﬁ_) Q C[H*] @ C[Hyp~] carries the
structure of a VOA module for Vﬁyp, where the action of Vg’yp is still provided by
(4.24), (4.25), and (4.26). Set a € C°*N~1 p € Z°+*N~1 Then the subspace

My (a,B) = S(H-) @ e™*FYC[Hyp*]

The space S(H_) ® C[H*] ® C[Hyp~]is an irreducible VOA module for V. Here

we are using the notations au = a,u, + -+ agyny_1Ussn-1, €tc. For f =0 we will
denote the module My, (, 0) simply by M}, (a).

5. Toroidal vertex operator algebras.
We build a number of VOAs related to the toroidal Lie algebras. VOA

"level ¢ " quotient I _,(c), and the basic quotient L(T,_;) will all be constructed.

gy itS
Vi,_,(€) is not a member of category B, as g,_,-modules, although L(T,_;) is. In
order to demonstrate that L(T,_;) factors into the tensor product of two VOAs
covered in the previous section, V,}”yp and the twisted Virasoro-affine VOA L;(y,_1),
we will develop a number of significant relations that hold in L(T,_;).

To create these VOAs, it is important to note that toroidal Lie algebras g,_,(y, v)are
vertex Lie algebras for all u, v values.To illustrate the vertex Lie algebra structure, a
delicate choice of a basis in g,_, (1, V) is required, making this observation not quite
trivial.

Theorem 5.1 (see [12]).Vertex Lie algebras are toroidal Lie algebras g,_, (1, V).
Proof. Examine the generating series shown below in [[z, z‘l]]:

(0] (o8]

ky i (rz) = Z Lt koaz), ky(r,z) = Z t_ 0 kyz T, (5.1)

j==oo j==co
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9o-2(1,2) = Z ty_1ts—29s-22"7"" o2 € G-z (5.2)
j:—OO
a2y = Y ththodyr T, Ay = ) ot pd, 2 (53)
Jj=—o0 j=—o0

where forp =1, ..., n,

J T | j

ty qto—2dp =ty _1to_ody — vty to oks g (5.4)
and

. 5 . 1y
ty_stog—2do_1 = —th_th_sdg s + (U +v) (J + E) ty_1to—2ks-1(5.5)

All linear dependencies may be expressed as relations between the fields, even

though the moments of the aforementioned series are not linearly independent:
o+N—-1

%ka_l(r, 2) = Z ok (1 2)
p=0
By using these relations, we may remove the field k, (r, z) with the lowest p such that
1, # 0 from the list above for any non-zero r. A basis of g,_, (1, v) will be formed by
the non-zero moments of the remaining fields. It is now very easy to verify the
axioms of a vertex Lie algebra. Since there is only one element in the set C, which
represents the central field k,_;(0,2) = k,_,z°, (VL2) is true.

]t _,d,_, are
recorded before verifying property (VL1). Although the remaining commutator
relations are given by the following formulae with a,b =g, ...,0 + N — 1, note that

their brackets with the elements ofR & §,_, and K,_, are essentially supplied by

The commutator relations of the newly added elements tf,_ltg_zczp, t

(2.1) and (2.2), with a sign change for t/ _, t2_,d,_;:

o—-1

] 74 Tl — o it 7 i+j 7
[th_qth_pda, th_it5_odp| = sat, 2 thtsd, — e, ehts5d,

o+N-1
e "
+(usary + Vigsp)jte it S ko y + (Usqry + V1gsp) z Spty i totSk,. (5.6)
p=0

[th oty odo_1,th_it5_ody| =
—jttntsdy, =ty oS de_g — (ury G = 1) + vy (i + 1)jit, 5 5 kg y
—(urpj + vsp(i + 1)) 292Nt s, t . 045 k. (5.7)

o+N-1

TG+ DG+ D) Z st ertsk (5.8)
p=0

The commutator relations for the fields in g,_, may be obtained by applying these
formulae in conjunction with (2.1) and (2.2):

[ka(r,21), kp(m, 22)] = 0 (5.9)
[gG—Z(Ti Zl); ka(m, ZZ)] =0 (510)
[ga(r, Zl)l go‘+1(mr ZZ)] =
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[95) 9o+1](22) [21‘15 C—j)] + (9o | o+1)ko-1(r + m, 23) [21 _5 <Z1>]

dz,
+(9o | 9o+1) pz:l Tokp(r+m, z;) [21‘16 (j—i)] (5.11)
14220, 9a-2m,22)] = mygo-a(r+m,2) |25 () (5.12)
[@psr 20,8, 2] = 5 {2+ ) [ (2) (5.13)
[di(r, z)), d]- (m, z,)] = (mic?j (r+m,z,) — rj&i(r +m, 22)) [21"16 C—2>]
1

o+N-1

—(umyry + vrymy) Z ok, (r 4+ m, ;) [21"16 C—z)] (5.14)

—(umury + vromy )eg_y (r + m, 2,) [ <Z_j>]

By (), di(m, 2)] = = G Bt mz) |76 (2|} = rdoa G+ m )| 208 (7|
o+N—-1 2

_.( 0 Z3
+vm,; Z Tk, (r +m, z;) [zl . 6( )] +vmjks_1(r +m,z;) lzl 1 (6_2) ) (2_1)]
p=0
P o+N-1
—,urja—zz z .k, (r+mzz)[z1 26( )]
p=0

2

+ ki (r +m, 2,) Izl —) 5(2—?)] . (5.15)

0z,

[do-1(r,21), dg_1(m, 2)]
_{Oizz a1(T+m22)} ( )]-I—ch, 1(r+mzz)[ 26( )]

+(,u+17)— k(r+mZz)[Zl 25( )]

z
+kyy(r +m, 2,) Izl ) 5 (—Z)l (5.16)
Zy Z7
where ¢,.5,95,95+1 € 86-2, a,b=0-1,0,...,0+N—-1, i,j=o0,...,0+N—1.

The above commutators' right-hand sides are now exactly in the format that
(VL1) requires. After determining that g,_,(u,v) is a vertex Lie algebra, we may
examine its universal enveloping vertex algebral,__, since both (VL1) and (VL2)
hold. Additionally, the Virasoro field d,_, (0, z) has the central elements Cy;, = 12(u +
Wky_sand D = t;1,d,_;.

The subalgebra g( )

of the vertex Lie algebra g,_, The following
components create the Lie algebra gs-2, DOt to be mixed up with its subalgebra
(g5-2)-with regard to Z--grading:
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t]_th_oky_y with j <0 th_okp, O th G2 th_ith_ody with j< —1,p=o0,..,0+

’crl

N—-1, and tfr 1 t’_,d,_, with j < —2. The complementary moments of the fields
(5.1)-(5.3) cover the subalgebra g( ).
We recall that g(+) 1=0inV,_

"

It follows from Theorem4.3.2that Y(ti_,ks_1,2) =ko_1(1,2), Y(t;1.t5_, ,z) =
ki(r,z) ; Y(t521th 295-2.2) = Go—a(r,2), Y(t;1it5_d;z) =
di(r,z), Y(t;21th 5ds-1,2) = dyq(r,z). We write (t]_,k,_q,2) for Y((t5_,k,-1)1,2),
etc., for simplicity of notation. Additionally, we will writeg,_,(z) for g,_,(0, z), etc,
whenr = 0.

We will demonstrate that the irreducible g,_,-module L(T,_,) is a factor-VOA of
V,,_, for a certain irreducible g,_,-module T,;_;. There will be two steps involved.
First, we will construct a factor-VOA of I, _, whose top is an irreducibleg,_;-module.
Next, we will determine the structure of this vertex algebra and show that the
irreducible quotient of this g,_,-module is a VOA.

With the operator d,_; = —d,_; +%(/x +v)k,_1, a general enveloping vertex
algebra V; is Z -graded. Given thatl,  =U (ga 2) ® 1, we can observe that the

elements (t,% ,k,_,) ... span its zero component (¢ ,k,_1)1.

Proposition 5.2 (see [12]).Consider g,_,-submodule R(S) in V;__, produced by the
setS ={ky_11—c1, (t} ks )M ko)1 — c(tL kD1 T,m E Z‘”N 1} after fixing
a non-zero c € C.

(a) The generalized Verma module M(T,_,) has a factor-module, the quotient V; _(c) =

Vo2/R(S)

To-1= C[q;‘r' ""Q§+N—1] QVRW = C[q;‘r' ---'CI§+N—1]

Defined as in (3.5), where a =0,d = %(u +v)c,V is the trivial 1-dimensional §,_;-
module -module, and W is a one-dimensionalg,_,l,.y_;-module on which I performs
multiplication by h = (¢ + N — 1)vcand sl,,y_, operates triviallyl, ..
(b) and V,__,(c) both inherit a vertex algebra structure.

©V (c) is a VOA of rank 12(u + v)c with the Virasoro field w(z) = d;_1(2).
(d) The projection from M(T,_;) to L(T,_,) factors through V,__ (c):

M(Ty1) = Vg, (€) = L(To—s) (5.17)
This defines a VOA structure on L(T,_,) as a factor-VOA of I, __,(c).

Proof. Let's demonstrate portion (a). Consider I,

our assertion, the zero component R(S),_, coincides with

with a Z-grading. According to

(7% k1) v (62 ko 1)1 — 571 (t07 k4 )1

5.18
, kgq1—cl|7, .., 1, €Z°N-1 (5.18)

Span
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First, it is simple to demonstrate that the components (5.18) are in fact in R(S) by
repeatedly multiplying the elements in S by t " ,ks—1. The formula R(S) = U(84-2)S

is thus written. A triangular decomposition is what we have. Since the elements of S

are of degree zero, U(g,-2) = U((85-2)-) @ U(gs-1) ® U((85-2)+), and (g,-2)+acts
on S trivially. According to this,R(S),_; = U(gs—1)S. Let us demonstrate that (5.18)
remains invariant when o1 is applied. The
elements  t7L kg 1,t0 Kyt 2002 ti oy, to 2dg_y, METLTNT g, ) € Gy pp =
0, ...,0 + N — 1span the subalgebrag,_;. The invariance of (4.18) under the action of
t2* ,k,_, has already been confirmed.

We observe that the remaining generators of g,_; annihilate 1 since they belong to
g((;)z Furthermore, it is implied that the elements t;' ,k, and t;',g,_, annihilate
(5.18) because they commute with t7_,k,_;. (2.2) implies that t™,d,_; also
annihilates (5.18).

Using the commutator relation [t ,d,, t}_,ks_1| = 1,t5 3k, We get that

(67-2dp) (857 k1) - (857 kom1)1 = (675 k1))

Z 1 (GAa P iy Y P G R A N Y

j=o
And (5.18), on the right side. This demonstrates that R(S),_,is provided by (5.18).
This implies that the space of Laurent polynomialsT,_; = C[q%, ..., qF,y_,], under the
isomorphism, may be identified with the top of the module V;__,(c) =V,__,/R(S)

(tg—2ks-1)1 m cqg_s. (5.19)

Let us describe the action of the subalgebra g,_; on the top T,;_;. It follows from the
relations (5.18) that
Next, we have seen that " ,k,, t' ,g,—, and t* ,d,_, annihilate T,,_; :
(t ka)qa 2 =0, (t5-290-2)96-2 =0, (tcrrn—zda—l)qcrr—z =0 (5.20)
Since t™ ,d,_; = — o_zda 1+ 2 (,u +V)tI ,k,_1, Wwe get that

(t5-2ds-1)95-2 = = (ll +v)eqyih (5.21)
Finally,

1 ~
(t Zd )qd 2 = (tO' Zd )(ta 2ka 1)1 __[tgn—zdprtg—Zka—l]l

1
= —T (tr+mka V1= pqg+m (5.22)

Taking into account that ¢t 2d =t 2dp mpvt;” 2ks_1, We obtain

(tr,d,)q5— = (1, +vem,)qL 7 (5.23)
This is equivalent to the tensor module action (3.6), with the trivial action of
Sly4n—1and I functioning as multiplication by (o + N — 1)vc.. This completes the
evidence for portion part (a). Part (b) follows from Theorem 4.3.3, and part (c) has
been established previously. For part (d), we observe that L(T,_,) is a unique
irreducible factor of M(T;_,); hence, the projection M(T,_,) — L(T,_,) factors
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through V;___(c) as in (5.17). Note that the kernel of the homomorphism M (T,_;) —
V,,_,(c)is the submodule given by{(t;;t7,d,_,)1|m € Z°*"~1} .Using Theorem
4.3.3 again, we infer that L(T,_,) inherits the vertex operator algebra structure from
I/éd_z(c) as indicated by formula (4.11). This concludes the evidence of the

Proposition.
Next, we investigate the structure of the VOA L(T,_;).

Theorem 5.3 (see [12]).

(@) The VOA L(T,_,) is generated by the following elements: q]J', =
1 _ _ 15 o .
Z (t:fn—zka—l)lJ (toilga—z)l ’ (toilka)lﬁ (tazlda)l' Eabr (tozlda—l)l ’ with me

Z°tN-1 9. 5 €d5_p,a,b =0,...,0 + N — 1, where

Eqp = %(t;fltgi ,dp) (6, ko 1)1 — (t52dy)1 + %5@ (t52 ko)1 (5.24)
The a-th position of which has the value 1, and ¢, is a standard basis vector in
ZG+N—%
(b) The algebra of Laurent polynomials can act on T,_; via the L(T,_;) module,
which has the structure of a (C[qg, o qr, N_l]-module. The following vertex operator
gives the operation of the field k,_;(m, z):

o+N-1
1 1, _. .
—ky_1(m,z) =Y(q™,,2z) = q™ ,exp Z m, z —(t,2,kp)2 . (5.25)
c _ cj
p=o JEZ\{0}

(c) The following is the expression for the action of the remaining fields in (5.1)—(5.3)
on L(Ty_4)

gU—Z(ml Z) = gU—Z(Z)Y(q(r)'n—Z'Z)' (526)
ka(m, 2) = ka(2)Y (45, 2) (5.27)
o+N-1
d,(m,z) =:d,(2)Y(q",, 2): + Z mpY(Epa,z)Y(qgl_z,z), (5.28)
p=0
5 ) 10‘+N—1
dos(m2) =iy s DY @0 2Di+ 2 D Maky ()Y (B DY (@52, 2)
1 o+N-1 P “b=e
=) D0 my (5 k@) YR, 2) (529)
p=0

(d) The tensor product of two VOAs is isomorphic to the vertex operator algebra
L(T5-1):
L(Ta—l) = VI-Ipr ® Lf(ya—l),

where L;(y,-,)is the simple VOA corresponding to the twisted Virasoro-affine Lie
algebra built from the reductive Lie algebraf = §,_, ® gs—2ls+n-1, and Vﬁfyp is a sub-

VOA of the lattice VOA discussed in Section 4.5. The central character y,_; is
determined by the values listed below:
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CQJ—Z =6 CSlo'+N—1 =1- uc
1
Caei = (0 +N—=1DA—puc)—(c+N—1)%vc, cpy = (0+N—1)<§—vc),
cyir = 12c(u+v) —2(c + N —1). (5.30)

The fields k,_,(m, 2), k,(z),d,(2),p = 0, ...,0 + N — 1, act on V}}, , by

koe_1(m,z) = cY(e™,z), ky(2)= cu,(2), &p(z) = 1,(2)
Whereas L;(y,-1)is affected by the fieldsg,_,(z) and Y (E,, z), the Virasoro field of
the tensor product V,;’yp & L;(y5-1)is the fieldd,_,(2).

Proof. The following approach will be used to ascertain the structure of the VOA
L(T,_,). Any given homogeneous component of the kernel of the epimorphism
Voo, (€) = L(T5_1),can be calculated using the method developed in [3], though
obviously this computation is only possible for components of low degree. A
relation between the fields in (T,_;) may be obtained for every vv € Ker:
Via,_p(,2) =0
It turns out that the structure of L(T,_;) as a VOA may be fully determined by
knowing the elements of Ker(m) of degrees 1 and 2.
Let’s use the following example to demonstrate the [3] approach. Fix m € Z°+V~1
and g,_, €§,., . Consider the subspace P; = Span{(t;1,t} _,9,-2)97 |r€
Z°tN-1y c V. (c). This subspace belongs to the homogeneous component of weight
(=L, m)inV,__(c). We are going to find the intersection of P; with Ker 7. We note

90-2

that a vector v in component (—1,m) of I, (c) belongs to Ker m if and only if
U1((96—2)+)v = 0.

Lemma 5.4 (see [12]). Let g,_5,95-2 € §5-2,b =0, ..., 06 + N — 1. Then

(too1ty_sko—1) (721t 295-2)90 7 =0, (to—1ts_2kp)(t311tE 295-2)907

0, (531)
(too1ts_290-2) 21t _295-2)q0" 7 = (Go_z | Go—2)Cqu-s, (5.32)
(ta 1ty s 1)(ta 1t5—295-2)q5-2 =0, (to—1tcs}—2db)(t;ﬁg—zga—z)qzr;n—_zr
= 0. (5.33)

Proof. Let us prove (5.32):

(to-1ty—296-2)(t21ts_295-2)00" 7
= [too1ts_295-2 toito—295-2157 + (7 1te_295-2)(to-1to—295-2)02
Since (g,_3)acts trivially on top of Vaoos (c), the second term disappears. We employ
the relations in g,_,, (5.19), and (5.20) for the first term:

[to-1ts—200-2tot1ts—290-21907
o+N—1

= (tg+§[ga 2Y0- 2])CIJ T+ (gcr 2 | Yo- 2)(tr+ska 1)qa 2 + (ga 2 | Yo- 2) z Sp(tr-h;kp)qm £

m+s

= (ga 2 1 go- Z)Cq
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The same method is used to obtain the other equalities in this Lemma’s assertion.
Let’s examine this Lemma’s outcomes. The right-hand sides in (5.31) and (5.33) are
shown to be independent of r . Thus U,((g,- 2)+)((t511t}; 205-2)q0 T —
(t;2195-2)q5-;) =0 , which impLies that (t;11t;_205-2)q07 — (t;2195-2)95"2 €
Kerm.We find that the following relation exists in (T,_;) by using the state-field
correspondence:

Y (52t 290-2 DY (4557, 2): =Y (t5:11 952, 2)Y (452, 2): (5.34)
We can omit the standard ordering symbol because these vertex operators
commute. Specifically, for m = r, we obtain that:

Y(tolitd295-2,2) = Y (t;11905-2,2)Y (q5%2, 2) (5.35)

The fields Y (t;1,t" 295-2,2) = gg—2(m,z) and Y(q,, z) reduce to the more basic
fields Y(t; 1.9s—2,z) due to this factorization property; the affine subalgebra
Clty_1, ;1] ® §5-2 D Ck,_, € g,_, is represented by the fields g,_,(z), and we
prov1de comparable factorization formulas for additional fields below. Additionally,
with the exception of Y(t;%,d,_,,z), the affine fields Y(t;119,_2,2) = go_2(2)
commute with other elementary fields, which suggests that when c is not the critical
level for this affine subalgebra, the affine VOA produced by the affine fields splits
off as a tensor factor in L(T,_,), and the tensor product decomposition of L(T,_;) will
be obtained in this manner.
The vertex operators Y(t;1,t"_,k,, z) and Y (t!_,k,_1,z) can now be obtained using
the formula. For a fixedm € Z°*""'and o <a <o + N — 1, consider the subspace
P, = Span((t; 2,1t} _,ko)qy 5 | r € Z°*N"1) c V,__ (c). Once more, we will determine
where P, and Kerr intersect.

Lemma 5.5 [12].Leto < a,b <o+ N — 1. Then
(ta—ltcsr—zka—l)(tc;ilt Zka)qm ) = 0 (tcr—ltzsr—zkb)(tc;iltg—zka)qgn—_zr

=0, (5.36)
(to-1ty—290-2)(t521t5_2ka)qs ] =0, go-2 € G52,
(ta 1ty _odg- 1)(t011t0 2ka)qs=; =0, (5.37)
(toorts_2dp) (t521th_2ka) S = cBapqy™s (5.38)

We skip these computations and use the same evidence for this Lemma as for
Lemma 5.4.
The right-hand sides in (5.36)—(5.38) are once more shown to be independent of
r.Thus (t;1,t0_ ko )ql ) — (tdllka)qa » € Kerm, or equivalently,

(tallta Zka)q = (tallka)qa 2 in L(Ta—l) (539)
The following relatlon obtains in (T,_;) when r=m and the state—field
correspondence is applied:

Y (21t ke, 2) = Y (t521kqe, 2)Y (q5%2, 2)(5.40)

We removed the standard ordering symbol on the right side because these vertex

operators commute.Also, taking into account that t;1,t" ks =
oiy tmyt 1t k,, we obtain
P o+N-1
CS V(R0 ?) = V(G o) = ) Y (621K, 2)Y (45, 2) (5.41)
p=0
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The outcomes of Section 3 of [3] will thereafter be used. The vertex operator
Y(qJ*,, z) is given by the formula (5.25), and it is demonstrated there that L(T,_;) is a
module over a commutative associative algebra C[qF, ..., ¢, y_]. The compatibility
of this formula with (5.41), as well as the ease with which (5.25) may be derived from
(5.41), are evident.

In L(T,_,), we will eventually require another relation that can be obtained from
(5.39) or (5.25):

og+N-1
(G4t oko )05z = ) 1o(tataky)asts (5:42)
p=0

For the vertex operator Y(t;2,t™ ,d,, z), we obtain a formula. We'll employ the same
tactic as before.

Lemma 5.6 (see [12]). Let 0 < a,b <o+ N — 1. Then

(ta—1tg—2ka—1)(tghtg—zda)qgn— = —54Cq5"5, (5.43)
(t—1ts- zkb)(tc;lﬂr 2dg )CIam_zr = 8apCq5-7, (5.44)
(to-1t5-295- 2)(ta 1ty _odg )q =0, 952 € 4s-2, (5.45)

(ta—lta—zda—l)(tcr:—llta—zda)CIa—Z = ((ma - ra) - 2(.“5(1 - vra)c)qgi_+25, (5'4’6)
(ta—ltg—zdb)(t;}ﬂg—zda)qgn—_zr
= (ry(mg — 1) — Sq(my, — 1) — (UrpSg + vigsp)o)qoss.  (5.47)

Proof. Let's demonstrate the math for (4.46) and leave the remainder to the reader
as an exercise. Equations (5.7), (5.19), and (5.22) will be used:

(to-ats_ - 1)(t 160 ,d, )qcr 2 = [t 1t _pdsy, tc;lltcrr—zaa]q;n—_zr

- (tr+sda)q Sa(t dcr 1)CIO'
G+N—1
+(=2usg + 2vr) (L 5 ke—1)qlT — (—us, + 2vry) Z rp(t”sk )q

= (my — 1, — 2ucs, + 2vcra)qm+5
The right-hand sides in Lemma 5.6 do depend on r, in contrast to the earlier
examples. We can distinguish between constant, linear, and quadratic components,
but keep in mind that this dependency is polynomial. Setting r = 0 obviously yields
the constant term, which is generated by the element (tgilc?a)q(’,”_z.
Upon comparing (5.43)—(5.47) with (5.36)-(5.38), we observe that the vector
—ayotN-1p (t;11k,)q™ , provides the quadratic term :
o+N-1
(bortsady) | =2 > 1p(trhaky)ais | = —rampafs
p=0
While this vector is destroyed by the other raising operators.
Lastly, the vector Z‘”N 1 1, Epq provides the linear-in-r component, where

= (t72467 ,da)qn o7 — (ts2ida) gy + = aa,,(t k) qis. (5.48)
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Lemmas 5.6 and 5.5 make it clear to us that:

o+N-1 o+N-1
(trstimcko) D ToBpe =0, (tomstioaky) D TpEph =0,
p=0 p=0
o+N-1
(b1t5290-2) ). TR =0, (5.49)
p=0
og+N-1
(to_1tS_2dg1) z rEpy = 1,(—=1 4 2ve) gty (5.50)
g+N-1

(ty_1t5_,dp) Z rER = (rymg + (1 — pc)s,ry — verysy)qis. (5.51)

The calculations above indicate that U;((g,_)+)annihilates the following vector,

which vanishes in(T,_;):
o+N-1 o+N-1

T,
(t;ht _2dg )q (tal1d )qU 2~ z TpE;Z’&+?a Z Tp(t;31kp)qg1—2
p=0 p=0
=0. (5.52)
Applying the map Y and setting r = m yields the following relation for the vertex

operators in L(T,_,):
o+N—-1 o+N-1

dy(m,2) = dy (DY (q™, 2): + Z mpy(Eg;,z)—% Z Mk, (2)Y (g™, 2)(5.53)
p=0

Now let's create a relationship between El} and:

ab - Eab - (to 1to‘ zdb)q; (t db)l + - Sab(t ka)l (554)

Lemma 5.7 (see [12]). (a) The fields Y(qy-;,2), 95—2(2), kp(2), dp(z) commute with
(Egp,2),p,a,b=0,..,0 + N — 1.
(b) The relationship that follows is valid:

ab _'(Eab)( 1)qa 2 +'___(t ka)Qa 2- (5'55)

Proof. Let's demonstrate that

(q5-2) myEap = O foralln >0 (5.56)
Since deg((q0,)(mEar) = —n, Only the case when n =0 needs to be taken into
account. But (q5-;) (o) = %(ta_ltgn_zka_l), and we obtain the intended assertion from
(5.49). We can now determine that the fields Y(q[* ,,z) and Y(E,;,, z) commute by
using the commutator formula (4.2). We may infer from (5.49)-(5.51) that
9o-2(2),ky(z) and dp (z) likewise commute with Y(E,,,z) by using a similar
approach.
Considering the skew symmetry identity (4.7), we derive the equality as a result of
(5.56).

(Eab)(—l)qcrrn—z = (CIcTrn—z)(—DEab
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When we replace (4.54) on the right-hand side of this equality, we obtain:
1 5N - 15 1 -
(Eap)(-1)90-2 = p (t5-2ks-1) <(t531t§izdb)%f‘§ — (tz21dp)1 + E6ab(ta}1ka)1>

1 -1 1€a jJ m —€q 1 -1 3 m 1 -1 m
= E (ta—lta—zdb)(ta—zka—l)qa—z - E (ta—ldb)(to—zka—l)l + C_2 Sab (ta—lka)(ta—zka—l)l
1 ~ _ 1, . -
s [t521t5% dp, th 2ko—1]q, 5% + p [t521dp, th 2kg—1]1
- a J —€q -1 3 1 - Mp a —€q my
= (ta}ﬂ;_zdb)q(rfn_; - (ta}1db)q;n—2 + E6ab (t711ka)qg, — e (toilt;njze kO’—l)qo'fz + o (t21tdoh
my
= Eqp — = (tr21ka)qr,.

In order to obtain the final equality, we utilized (5.48) and (5.42). This concludes the
lemma's proof.

When (5.53) and (5.55) are combined, we get (5.28). Additionally, we learn from
(5.52) and (5.55) that.

(t;ﬂg—zda)qgn—z

o+N-1
= (hd)am T + ) 1(Bpa) a5
p=0
o+N—-1
m
+=2 z 1 (tsh ke, ) g™ (5.57)
p=0

The commutator relations between Y(E,;,z),0<a,b<oc+N-—-1 are then
ascertained.

Lemma 5.8 (see [12]). (8) (Egp) (0)Esp = OpsEap — SapEsbs
(b) (Eab)(l)Esp =(1- .uc)6bs6ap1 - VCdabdspls

(©) (Eap)(nyEsp = 0 forn = 2.

Proof. Let us perform the calculations for part (b) of the Lemma. Since deg(E,;) = 1,
we get that deg((Eab)(n)Esp) = 1 — n, from which part (c) easily follows.

- _ ~ 1
(Eab)(l)Esp = ((tc;ilt?izdb)(_l)qgf%)(l) Esp - (ta—ldb)Esp + Zaab (ta—lka)Esp(5-58)

The final pair of terms disappear by (5.51) and (5.49). We apply the Borcherds'
identity (4.6) to evaluate the first term on the right side of (5.58). Observing that for

any n > 0, by (5.56), (q,%) Es, = 0, we obtain:

a
2/ (n)

((tc?}ltf;‘iz&b)(—l)q;g)(l) Fer

1 _ ~ 1, _ ~
= c (ta—ltafgkcf—l)(tgizdb)Esp + c (taf%ka—l)(ta—ltcer‘izdb)Esp
Since the first term equals zero
1 _ ~
c (ta—ltaf% ka—l)(t;izdb)Esp
1

~ _ 1 ~ _
= c (t?izdb)(ta—ltafgka—l)ESp T c [t;izdb' ta—ltafgka—l]ESP
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Then we may apply (4.49) to the right-hand side. Lastly, by using (4.51) and (4.19),
we obtain:

_'(t eaka 1)(ta 1ta zdb)Egp ((1'_'MC)6bs ap VC6ab6§p)1
We leave portion (a) of the Lemma as an exercise for the reader, and thus conclude
the proof of part (b).

We determine that the operators (E,;,) ) yield a representation of affineg,_,lsiy-1
by comparing Lemmas 5.8 and 4.4.2(a).

Lemma 5.9 (see [12]).The following relations hold in (T,_,) :
o+N-1

~ 1
(@) (tz21t5-2dg-1)q5"2 =z Z my(tz21ky)agy,
p=0
(b) (ta—ltg—zda—l)(Ehb)bﬁqutz ::Sab(_4-+'zvc)

Proof.
~ 1 o
(to21th_2do—1)ag-, :E(tgilt a1t 2kg-1)1 ——[t Lith_adg1,th o ke_1]1
1cr+N—1 1J+N 1
=2 ) my(h ) == > my (6t )45t
p=0o p=0

This validates the assertion (a). From Lemma 5.7(b), (5.50), and (5.37), part (b) is
inferred.

Let us now examine the characteristics of the field d,_,(r,z). This will necessitate
computations using certain degree 2 components. Letdeg(v) = 2 and v € L(T,_,).
Any non-zero vector can generate L(T,_,), as it is an irreducible g,_,-module.
Uy,((85-2)4)v = T,y_qif If v # 0. Nonetheless, it is evident that g, is the source of
(85—2)+- This implies that v = 0 sinceg,v = 0. An equation for the field d,_, (m, z)will
be obtained by using this observation to identify a relation inL(T,_;) involving

(t2,t Y/ 1)1

Lemma 5.10 (see [12]). The following relation holds in (T,_;) :
og+N-1

. . 1
(t531t;n—2da—1)1 = (ta_zlda—l)qgl—z +E Z mp(t 1k; )( ])(_1)q(’}1_2

p,j=0
o+N—-1

(- Z my (t21kp ) a2

Proof. This Lemma will be demonstrated by demonstrating that the vector.
o+N-1

- - 1 1
v = (tc;gltam—zda—l)l - (t;fld(,_l)q;”_z 7z Z my (te;ilkj)(Epj)(_l)q;n—z + . (1
G+N-1 e

_.uc) Z mp(tc;zlkp)q;n—z
p=0
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is annihilated in L(T,_;) by g,. Let us show that (t,_1t5_,ds_1)v = 0in (T,_,) :
(toorts—2do_1)v = [tooats_2dgo, t521t0 2d o 1|1 = [tooats_2dgo1, t521dg_1]q0",

10+N—1 1<7+N—1
_E Z mp[tcr 1ta zda 1t o— 1k]( j)( 1) _E Z mp(tc;ilkj)(ta—ltg—zacr—l)(Epj)(_l)qgfn—‘
p,j=0 p.j=0o
1 o+N-1
+E (1 —pc) z my, [ta—1t<sr—2do—1' tgz1kp]qam—z
p=0

o+N-1

=3(t 2 tIdy )1+ 4+ V) (52t ko)1 — 2(n + V) Z m, (t521tM 5k, )1

_S(ta lta Zda I)QG 2—4(M+V)(to 1t0 Zko 1)q0 2
g+N-1 o+N-1

1
=2 Dy (E5-ky) (Bpy ) (— DR 2——( 1+2v) D my (kg
pj=0 p=0
2 o+N-1
+E(1—IJC) Z my, (t;21t5_2ky ) g5
o+N-1 e o+N-1 3cr+N—1
=4(u+v) Z (my + 5p) (652 1kp ) gy — 2(u +v) z mp(tallkp)qm”—— Z m,(t;21ky)q0
o+N-1 1cr+N 1 e
~4(u+v) Z sp(652uk)als =< D mp(Bpy) y (E5-2K) a2
a+N 1 e o+N-1
——( 1+ 2vc) z mp(tallkp)qf,n+s+ (1 — pc) Z m,(t;21k,) gy = 0.

pj=0
Similar treatment is given to the situations of add1t1ona1 items spanning g,. The

formula (5.29) may be obtained by applying the state-field correspondence Y to
both sides of the equality in Lemma 5.10. Let's finish Theorem 5.3's proof. All of the
relationships between the fields mentioned in the Theorem's section (c¢) have now
been established. The fields (5.1)-(5.3) create the universal enveloping vertex

algebra lj; ... Since L(T,_,) is a factor vertex algebra of I, the same is true for

—2"" Gg—2"7

L(T,_,). The assertion of part (a) of the Theorem is derived by considering the
relations of part (c). As previously stated, the results of [3] support the assertion of
section (b).
Let's demonstrate the claim stated in the theorem's component (d). First, a
homomorphism between vertex algebras is constructed.

@: VI-I'-yp = L(T5-1),
defined by ¢(e™) = qJ- 2,g0(up( nN1) = (t kp)l (p(vp( D1) = (2 dp)l The
images of the generators of VHyp fulfill the necessary formulas (3.22)-(3.25), as
demonstrated by (2.2), (5.20), (5.23), and (5.25). As a result, ¢ is in fact a
homomorphism of vertex algebras. The map ¢ is injective since V,;'yp is a simple
vertex algebra. The Virasoro field picture of V,}fypis
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1 g+N—-1
0 (onp@) =7 D 1dp@Dhyp()
p=0
where rank(Vy,,,) = 2(6 + N — 1) is the core charge of this Virasoro field.
In the toroidal algebra g, ,, we know that the fields g,_,(z) produce an affine
subalgebra §,_,, which commutes with the fields produced by the image of ¢. The
central charge of this affine subalgebra is ¢, _, = c. The affine Jo—2lgin_10nL(T;_;)
is then represented by the fields Y(E,,;,, z) with central charges Csipon_, = 1 —pcand
Cyei = (0 +N—1)(1—uc)— (6 +N—1)?>vc .. This is determined by comparing
Lemmas 5.8 and 4.4.2.(a). Lemma 5.7(a) implies that the fields Y(E,,, z) likewise
commute with the image of ¢.
According to relation (5.8), a Virasoro algebra with central charge 12(u + v)c is
generated by the field dd,_;(z). The formulas (2.1), (2.2), (5.7), and (5.8) indicate
that the element t;1,d,_; is an infinitesimal translation operator D. Thus L(T,_;)has
the Virasoro fieldd,_;(z) and is a VOA of rank 12(u + v)c. We obtain another
Virasoro algebra with central charge 12(u+v)c—2(c + N —1) from the field
dy-1(2) — (wyy,(2)). By comparing Lemmas 4.4.2. (b) and 5.9(b), and observing
that ¢(wpy,(2)) commutes with g(o-2)(z) and Y(E,;,z), we obtain that the twisted
Virasoro-affine algebra f is represented by the fields d,_;(2) — ¢(@Wuyp(2)), Go-2(2),
and Y(E,;, z). The central character is provided by (5.30).
This enables us to specify a vertex-algebra homomorphism.

Y:Vi(¥o-1) = L(T5-1)
by ¥(go—2(—1D1) = (6;2195-2)1, Y(Eqp (—1)1) = Egp, P(5) = (6521d5-1)1 — @(wayp) -
The sub-VOAs ¢(Vj,,) and ¥(V;) commute in L(T,_,) . Thus we have a
homomorphism
0: Vl;ryp & Vf()/a—1) - L(Ts-1)
Since 6(wpyyp + wi) = (t;21dy—1)1, this is in fact a homomorphism of VOAs.
Furthermore, 0 is an epimorphism by part (a).
There is a single maximal submodule and irreducible quotient Vi(y,_,) for the f-
module V;(y,-;) . The unique quotient vertex algebra of Vi(y,-1) is Li(¥s-1) ,
according to Theorem 4.3.4. Vﬁyp is a simple vertex algebra, thus we deduce that
Vityp @ Li(Ys—1) is a special simple quotient vertex algebra of Vi, ® Vi(y,—1) in this
way. L(T,_,) is a simple quotient of V;,,, ® V;(y,-1) we have:
L(Ty-1) = Viyp ® Li(Yo-1)-
The proof of Theorem 5.3 is thus finished.

. Realizations of Category B, irreducible modules.
We provide realizations for all irreducible g,_, (¢, v)-modules in category B, using
the theory of VOA modules. Every VOA module for Vy,,, ® L;(y,-1)is also a module

for the Lie algebrag,_,(u,v)according to the concept of preservation of identities
[35]. However, we must utilize a bigger VOA to obtain all irreducible modules in B,

V(Ta—l) = V;yp ® Vf(YU—l);
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Its irreducible modules are more than Vljyp & L;(y5-1).- To implement this strategy,
we must first demonstrate thatV,;’yp Q Vi(y5-1) likewise admits a g,_,(u, v)-module
structure. The following technical lemma is established by us:

Lemma 6.1 (see [12]). For a Zariski dense set of triples (c,u,v), the modules
Vi(¥s—1) and L;(y,—1) coincide.

Proof. It follows from Proposition 4.4.3 and (5.30) that whenever # 0,c #
—hY,cs1y oy, =1 —pc# —(0+ N —1),c00; = (0 + N —=1)(1 — puc) = (6 + N — 1)?vc # 0,
the VOA Vi(y,—,) factors into a tensor product of four VOAs:
Voo (oo Valyans (Cstpin_i ) Vacei (Cacer) and Vi (cyyy,). If all four of these VOAs are
simple, then it is evident that V;(y,_,) is a simple VOA. To begin with, the
Heisenberg VOA is straight forward if c;;,; # 0. We will demonstrate that, in a dense
subset of C3, the remaining affine and Virasoro VOAs are simple for (c, i, v).

We observe that a generalized Verma module admits a Shapovalov form [28] and
that the generalized Verma modules for the corresponding Lie algebras are affine

and Virasoro VOAs. The VOA VOA V;_,(cy, ,) (xesp. Vg . (cs,,n i) Vvl-r(c{,ir)) is

easily observable outside of a countable set of values of the central charge ¢,

(resp. Csiyyoy c{;ir).While the description of the irreducible modules for the Virasoro

2
r—S
( rs) , Where r

algebra [19] indicates that Vy i, (¢y;,.)is simple if and only if ¢, # 1 — 6
and s are relatively prime integers with r,s > 1, an explicit formula for the
Shapovalov determinant for the generalized Verma modules for the affine algebras
can be found in [32].

Each inequality on the values of the central charges defines a dense Zariski-open
subset of values of (c,u,v). We prove the lemma's assertion that a countable

intersection of dense Zariski-open subsets in C3 is Zariski dense.

Proposition 6.2 (see [12]). Let c # 0, and let y,_; be given by (5.30). Then
V(T,_,) = V,}“yp ® Vi(ys—1) has a structure of a g,_,(u,v) -module given by the
formulas of Theorem 5.3 (b)-(d).

Proof. We demonstrated that Vi, ® Li(Vs—1) IS @ g5—»(#,v)-module in Theorem
5.3(d). The same thing has to be demonstrated for V,}fyp & Vi(¥s-1)- This is equivalent
to checking this vertex algebra's relations (5.9)—(5.16). Although this may be done
directly, as was the case, for instance, in [9], we will now offer an alternate
reasoning that enables us to avoid these very laborious calculations.

According to Lemma 6.1, the modules V;(y,_,) and L;(y,_,) coincide for a Zariski
dense set of triples (c, u, v). Therefore, the VOAs VJyp & Vi(y5-1)are in factg,_, (1, v)
modules for the generic values of (c,u,v), and the relations (5.9)-(5.16) hold.
However, equations having coefficients that are polynomials in c¢*!,u,v will be
produced when the commutator formula (4.2) is applied to the left-hand sides of the
formulas (5.9)—(5.16) in V,jyp & Vi(Ys-1). The equalities must hold for all values of
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(¢c,u,v). with ¢ # 0 since these agree with the right-hand sides of (5.9)-(5.16) on a
Zariski dense set of parameters. The Proposition's proof is now complete.

Using the highest-weight f-modules, we now provide realizations for all irreducible
gs—2-modules in category B,

Theorem 6.3 (see [12]).As stated in Theorem 3.6, with V being a finite-dimensional
irreducibleg,_,-module, Wbeing a finite-dimensional irreduciblesl;,y_;-module,
a € C°*N"1 and h,d € C, let ¢ # 0 and let L(T,_,) be an irreducible module in
category B, specified by the data (V,W, h,d, a). Next,

L(TO'—Z) = Ml_-II—yp (6!) ® LT(V' w, hf]{ei' thiri )/a—l)r
where y,_; is the same as in Theorem 4.3,

1
hitei =h— (6 + N —1)ve, hy; =—-d+ E(,u +v)c (6.1)

Proof. My, (a) ® Li(V,W, hyrei, hypir, Vo—1) iS @ gg—2(u,v) -module, as we will first
demonstrate. It is, in fact, a vertex-algebra module. The g,_,(u, v)--module structure
on Vi, @ Vi(ys—1) is transferred to its VOA module that My, (a)®
Liy(V, W, hyteir hyir, Y5-1) by virtue of the principle of preservation of identities [35].

A g,_,-module is irreducible as Mjj,,,(a) ® Li(V, W, hyge;, hyir, V5—-1)- It is not hard
to notice this. This VOA produced by the is fields that determine the g,_,-module
structure on Vy,,, ® V;(¥5—1). VOAsubmodules are therefore anyg,_,-submodule in
My, (@) Q Li(V, W, hyeis hyyirs Vo—1) . On  the other hand, My,,(a)®
L;y(V,W, hyteir hyir, Y5-1) is irreducible as a VOA module. Since it is a g,_,-module, it
is alsoirreducible.

Additionally, the g,_,(u,v)-module M, (a) ® Li(V,W, hszei, hyir, Vo-1) is clearly a
member of theB, category, and its top is

Claz, - aren-1] OV O W

From (5.25)-(5.29), we may infer that g,_, operates on this top in accordance with
(8.1), (3.6)—(3.8). The top of My, (@) ® L;(V, W, hyrei, hyir, Yo—1)is isomorphic toT,_, as
a g,_1-module, according to the formulas (5.4) and (5.5). We derive the Theorem's
assertion since two simple modules with the same top are isomorphic. Lastly, using
Corollary 3.9, we arrive at the following conclusion:

Theorem 6.4 [12].Let L(T,_;) be the irreducible g,_,(u, v)-module in category B,
defined by the data (V,W, h,d, @), as stated in Theorem 3.6. Assume
c#0, c#+—h', ¢y ,y,=1—pc#—(c+N-1),
Crei = (0@ +N—-—1)(1—pc)—(6+N—-1)%vc#0

cdim(@y-2)  Coigey, (0 +N —1)* = 1)

(0+N—-1)7%(3
—1+12
c+hv +

Cyir = 12c(u+v)—2(c+N—-1) — TN —1 —
et

CSlo+N—1

Let
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hirei = h— (0 + N — 1)vc,

1 Q hsoi(Rgrei — (0 + N — 1)(1 — 2vc
h{;, =—d+—(,u+v)c— 14 —— w _ 7—[%( Hei ( )( ))
i 2 2(c+nhY)  2(cqy, ., +o+N-1) 2Csr0i
Then
@) L(Ts-,) = MHyp () ® Lﬁa_z V,0)® le;ﬁ_l (W' CSlo'+N—1) Q Lyrei (hyreis C}[ei) b3y

LVir (hﬁ;ir, C{Jir) ’
. —(2(C+N-1)+1)
(®) charL(T,_,) = charq%_,C[q%, ..., q ,y_1| X [1js1 (1 — £5_,)
x charLg, ,(V,c) x charLg__ . (W,cq,,, ,) X charLy;.(hy, ,cyp. )

Remark 5.5.For Lie algebras that are two-toroidal (o + N = 2) the sl,,y_; piece
will not exist.
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