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Abstract: Correlation analysis uses different methods to measure the extent of
relationship between two variables. Different methods of estimating correlation
coefficients have been used by various researchers, but the challenge has been using
the appropriate methods. In this study, fourteen different methods of estimating
correlation coefficients were examined with emphasis on their assumptions, properties
and relationships existing among some of the methods. While derivations were made
of Pearson’s correlation with its limit; Spearman’s correlation; Biserial and Point
Biserial, Kendall’s Tau by neighbor swaps was illustrated with order of performance of
numeric data. The relationships among the methods examined showed that Phi
coefficient has similar relation with Tetrachoric as Point Biserial relates with Biserial
correlation coefficient. It was also established that Pearson’s correlation assesses linear
relationship between variables, but Spearman’ rank correlation assesses monotonic
relationship.
Keywords: Correlation Coefficient, Concurrent Deviations, Tetrachoric Correlation,
Point Biserial Correlation, Yule’s Correlation Coefficient

1.0. Introduction

Correlation analysis is a statistical technique or bivariate that measures the
magnitude and direction of linear relationship between two variables. For example,
degree of overcrowding and prevalence of pulmonary tuberculosis are correlated;
severity of malnutrition is well correlated with the severity of pulmonary
tuberculosis; economic status and health status are well correlated; ageing and
blood pressure are positively correlated; degree of adiposity and cholesterol levels
are also positively correlated; intake of calories and proteins are positively
correlated and economic status and the quantities of sorghum consumed (Rao and
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Sinharay, 2007).There are different methods of estimating correlation coefficients,
some of which are parametric and others nonparametric. Over the years, there have
been misconceptions on whether or not a particular method is suitable to measure a
linear relationship between two variables. In addition to this, many researchers
often utilize inappropriate correlation methods in the study of linear relationships
which usually lead to unreliable and invalid results (Washington, 2010).The accuracy
of correlation coefficients’ estimation has been a serious challenge among
researchers in recent times. This may be due to insufficient knowledge on the
methods of correlation coefficients and the associated assumptions which eventually
result to undue usage of correlation coefficient methods in research analysis (Winter
and Gosling, 2016).

Etaga et al (2021) investigated some five methods of estimating correlation
coefficients in the presence of influential outliers. The researchers compared five
methods and concluded that Pearson’s method was appropriate when data are non-
contaminated and other methods could be used for contaminated data.

Makowski et al (2020) presented correlation as a tool for R language and part of the
easy stats collection that was focused on correlation analysis. The researchers aimed
at light weighting, easy to use and allows for the computation of different types of
correlations. In this study, fourteen different methods of estimating correlation
coefficients along with their assumptions, properties and relationships among the
mare examined with some of the methods derived.

1.2. Preliminaries and Definitions

In this section, we introduce classification of correlations, spectrum of interpreting
correlation coefficients, definition of correlation coefficient and avoidable errors
when interpreting correlation coefficients.

1.2.1. Classification of Correlations

Classification of correlations is based on the direction of change, number of
variables and constancy of the ratio between the variables under consideration
(Kozak, 2008).
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Classification of Correlations
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Figure 1: Classification of Correlation Coefficients
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Figure 2: Spectrum of Interpreting Correlation Coefficients

1.2.2. Properties of Correlation Coefficients

The correlation coefficient r has the following properties:

(1) The limit1<r<1

(i1) r is independent of change of origin and scale

(iii) Two independent variables are uncorrelated, but the converse is not true

(iv) Given that two variables X and Y are related by mX + nY = 0, then the
correlation coefficient between X and Y is positive if m and n have different signs
and negative and the signs of m and n are the same (Awogbemi and Oguntade,
2023).

1.2.3. Definitions of Some Terms used In Correlation Analysis

Coefficient of Correlation: Coefficient of correlation between two variables is a
measure of linear relationship between the variables which indicates the amount of
variation of one variable that is accounted for by another variable.

Positive Correlation: Two variables are positively correlated if they tend to
increase and decrease together in the same direction.

569 | www.journal-innovations.com



Innovations, Number 81 June 2025

Negative Correlation: Two variables are positively correlated if they tend to
increase and decrease together in opposite direction.

Zero Correlation: Two variables are uncorrelated (no correlation) if they tend to
change with no definite relationship or connection to each other.

Coefficient of Determination: This is a correlation measure that gives the
percentage variation in the dependent variable that is accounted for by the
independent variable. In other words, coefficient of determination denoted by r?
indicates the ratio of the explained variance to the total variance.

Coefficient of Non-determination: This is the ratio of the unexplained variation to
total variation and it is denoted by K2= 1- r2. The higher the value of unexplained
variance, the poorer the efficiency of the other variable estimated.

Coefficient of Alienation: This is the square root of coefficient of non-

determination and it is denoted by K :i\/I—rz

Linear Correlation: The correlation between two variables is said to be linear if
corresponding to a unit change in one variable, there is a constant change in the
other variable over the entire range of the values.

Non-linear or Curvilinear Correlation: The correlation between two variables is
said to be non-linear if corresponding to a unit change in one variable, the other
variable does not change at a rate, but at a fluctuating rate.

Bi-weight mid-correlation: This is a measure of similarity that is median based
instead of the traditional mean based correlation. It is thus less sensitive to outliers
(Lanfelder and Hryath, 2012).

Percentage Bend Correlation: This is based on a down-weight of a specified
percentage of marginal observations deviating from the median.

Distance Correlation: This measures both linear and nonlinear relationships
between two random variables or vectors.

Shephered’s Pi Correlation: This is similar to Spearman’s rank correlation after
removing the outliers using bootstrapped Mahalanobis distance.

Polychoric Correlation: This correlation measures the correlation between two
theorized normally distributed continuous variables from two observed variables.
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Tetrachoric Correlation: This is a special type of the correlation coefficient that is
used when two observed variables are artificially dichotomous.

Partial Correlation: This is correlation in which more than two variables are
recognized, only two variables influencing each other are considered, while the
effect of other influencing variables is being kept constant.

Multilevel Correlations: These are special types of partial correlation where the
variable to be adjusted for is a factor and is included as a random effect in a mixed
model.

2. Interpretation of Correlation Coefficients

The interpretation of a correlation coefficient is purely mathematical and completely
devoid of any cause or effect implication. For instance, if two variables tend to
increase or decrease together, it does not mean that one has any direct or indirect
effect on the other. The two variables may be influenced by other variables in such a
way as to give rise to a strong relationship. Therefore, correlation coefficient must
be handled with caution if they are expected to give sensible information
concerning relationships between pairs of variables (Rao, 2007). The most
commonly avoidable errors when interpreting correlation coefficients are identified
and remedial measures are specified below:

Table 1: Commonly Made Errors when Interpreting Correlation Coefficients and
Remedial Measures

Common Errors when Interpreting Correlation | Remedy Measures
Coefficients

Misinterpreting correlation as causation: That Two | To establish  causation,
variables are correlated does not imply one causes the | conduct experiments, use
other. A correlation between smoking and cancer is | statistical = methods  that
not enough to say that smoking causes cancer. control for confounding and
test for significance.

(b) | Sample size of observations: Larger sample size | To avoid this error, always
provides more reliable coefficient estimates, but small | use appropriate and
sample size may lead to a high correlation coefficient | consistent scales bearing in
due to chance. mind their limitations and
assumptions.
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(©)

Applying correlation coefficients to inappropriate or
insufficient data: A correlation coefficient is only valid
and significant if it satisfies certain criteria and
assumptions.

To avoid this error, always
check and establish the
quality and suitability of data
before applying and
interpreting correlation
coefficients.

(d)

Ignoring shapes and outliers of data points: Correlation
coefficient only measures the magnitude and direction
of a linear relationship, but does not capture the
curvature, clustering or outliers of the data.

To overcome this pitfall,
always use scatter plots to
visualize data and check for
nonlinearity.

(e)

Use of misleading scales for variables.

To avoid this error, use

appropriate and consistent
scales for variables under
consideration and also
noting the limitations and
assumptions of the scales.

(f) | Simpson’s paradox: Aggregating data can lead to | Avoid a relationship
paradoxical results. For example, aggregate marks | between a variable and one
versus marks in one subject. of its components

(subgroups).

3.0. Methods of Estimating Correlation Coefficients

3.1 Scatter Diagram Method

This method otherwise known as Galton’s graph gives a qualitative picture on how
well a given line or curve describes the relationship between variables (Galton,
1889). It does not give a quantitative measurement of the correlation between
variables, but it is rather based on individual observation of the scattered plots
(Aliyu, 2023). The scatter points can lie close to a line (positive or negative slope) to
form a linear association; haphazard in nature and lie on a curve or very close to a
curve to form a non-linear association. The downside of scatter diagram method is
that it only provides the nature of existing relationship between variables without
recourse to an exact measure of the extent of the relationship (Gupta, 2011).

3.2. Pearson’s Correlation Coefficient Method
This is a parametric method otherwise known as product moment correlation
coefficient that measures the linear relationship between two independent, bi-
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variate normal and continuous variables x and y. It is denoted by r for sample and
specified as
Sy Y, (i) (vi—9)
VSxxSyy \/Z?zl(xi_f)z Z?:l(J’i—J_’)z

(1)

Equation (1) is rewritten in a compact form as:

n
r= nZ?zlxiyi - 2i=1xi ?=1yl' (2)

Alternatively, r is denoted by rxyand defined as the ratio of covariance between X
and Y to the product of their individual standard deviations:

Cov(x,
0.0,
If (x1,y1), (%2,¥2), ... ,(Xnyn) are n pairs of observations of X and Y in a bivariate, then
1 - - - —
L2000 > (-2 -)

4

[sevlses Ee-vzo-»

Proof:
Equation (2) is proved as follows:

. ny - y) -
Y =Y v - (O )]
_ dedy ©)

D ax’dy’
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Simplifying the numerator of equation (4), we have

Cov(x, ) =~ S (x— X — ) =~ (v — Xy — xp + x3)
n n
1 1 — 1 1 —
— Ll -3y —x+xy
n
— Sy xy 'S0
_1 (x>
s

= n12 [ xy — (X )] (®)
o =3 (v—x)
:%zxz 7 Ak

iy _[ZXJZ

n

:n%[nZ)f —(Zx)z] (©))

Similarly,

o1 =Ly -(2)] (10)

Substituting equations (8), (9) and (10) in equation (3), we have

nlz[any—(zxey)]
\/nlz[anz —(Zx)z]nlz[nZyz ()]

_ ny xy—Q. 0. ») 12)
X2 =0 v - ()]

Tyy =

1)

3.2.1. Assumptions for Pearson’s Correlation Coefficient

(i) The variables used for computation are continuous and scales of measurement
are interval and ratio.

(i) The distribution of variables is uni-modal and non-normal.

(ii1)) The pairs of observations are independent.

(iv) There is a linear relationship between two variables (Veeraraghavan and
Shetgovekar, 2016)
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3.2.2. Establishing the Limit of Pearson’s Correlation Coefficient
Proof:
Consider the non negative sum of squares

Z(x_;iy_;] >0 (13)

O (o2
{u] iz[u]u s a4
O O O

2

x b
y x y

X—x
-3 (=)
2T 20 D0 )
o o

O'XO'y

X y

Dividing equation (iS) by n, we have
1 1 1 1 2 1 - -
;.;Z(x—x)2+;;2(y—y)2i .—Z(x—ny—Z)ZO (16)

0.0, n
1, 1 5
=>—.0,+—.0,% Cov(x,y)=0 (17)
o o, 0,
=>24+2r>0 or 2-2r=>0
=-1<r or r<l
=-1<r<l (18)

3.3. Spearman’s Rank Correlation Coefficient Method

Spearman’s Rank Correlation Coefficient was derived from the Pearson Moment
Correlation Coefficient by replacing the actual observations by their ranks
(Spearman, 1904). The method is used when dealing with qualitative characteristics
that cannot be measured quantitatively, but can be arranged serially. The usage of
this method brings about loss of information and is not practicable in the case of
bivariate frequency distribution. This method is characterized by a non parametric
measure, non-normality, measured on ordinal scale and it is not affected byoutliers.

3.3.1. Assumptions for Spearman’s Rank Correlation
@) The variables are measured in terms of ordinal scale
(i1) The relationship between the two variables is linear
(iii) Samples selected are random
(iv) The pairs of observations are independent (Mangal, 2002; Awogbemi and
Oguntade, 2023; Oyeyemi et al, 2025).
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3.3.2. Derivation of Spearman’s Rank Correlation
The derivation of Spearman’s Rank Correlation originated from Pearson’s

coirelzation c%fi)%i,e}?z: Q. »)
BN DTS DN

with the actual observations replaced by their respective ranks (assuming no ties)
before computing the totals, sum of squares and cross products and n is the number
of pairs observation while the difference of the paired ranks.

19)

Proof:

ZX[=ZR(X[):1+2+...+n:n(nT+D (20)
Zz=ZR(X)=1+2+...+n=”(”2+1) 1)
Also,

S X2 =S [RX) =P +2 4 .40 = UURRYCIES PPN
Similarly,

SV =S RET =P 420 4.t p? =MEDEED g

By exp ansion,

> d? = [R(X,)~RE)P =Y [RX)] + DRI 22 [RIX)IRT)] (24)

From equation (29),

D [R(X)IR(Y)] = %[Z[R(Xi)]2 + Z[R(Yi)]2 - > [R(X,) - R (25)
Therefore,
D XY =Y [RIX)IRX)] = %[g(n +D)2n+1) - d'] (26)

n.n 27
) :5[§(n+1)(2n+1)—2di]

4 27)
an(nﬂ)(zn £1) R (n+1)

6 4

2L(n+D(2n c)-3Y @)

- 2 2 24 (28)
n"(n+D(2n+l) n'(n+l)

6 4
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Multiplying the numerator and denominator of equation (28), we have
2n[n(n+1)2n+1)-35 d?1-3n% (n+1)>
g = 5 5 5 (29)
2n (n+1)(2n+1)-3n"(n+1)

An(n+D2n+1) =35 dF]-3n(n+1)?

5 (30)
2n(n+1)2n+1)-3n(n+1)
2n(n+D2n+1)~65dF ~3n(n+1)> an
C 2n(+D[2n+1)=3n(n+1)2
2
_ n(n+1)22n+1)-3(n+1)—-63d; (32)
n(n+ D[220 +1) = 3(n +1)]
_n(n+(n-1)- 6> d; 33)
n(n+1)(n—-1)
=1- 622:—‘1’ (34)
n(n~—1)
Remark

3.4 Concurrent Deviations Method

This method determines the correlation between two series when we are not very
concerned about the precision. The method is also based on the signs of the
deviations of the values of the variable from its preceding value and does not take
into account the exact magnitude of the values of the variables. According to Gupta
(2011), concurrent correlation coefficient is defined by

e i(zc_”j, (35)

n

where c is the number of pairs of concurrent deviations and n is the number of pairs
of deviations.

Remarks:

If (2¢-n) is positive, apply positive sign in and outside the square root in equation
(35)

If (2c-n) is negative, apply negative sign in and outside the square root in equation
(35)

3.5. Kendall’s Tau Correlation Coefficient

Kendall’s Tau is a nonparametric measure similar to Spearman rank correlation
coefficient, but provides unbiased estimator of the population rank correlation. In
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this case,the data consists of random sample of n paired numeric or non numeric
observations that are measured on at least ordinal scale.

3.5.1 Computing Kendall’s Tau by Neighbour Swaps

This is simple function of the minimum number of neigh-bour swaps needed to
produce one ordering from another. The objects of consideration can be numeric or
non numeric. Considering non-numeric objects A,B,C,D and the two orderings D,
B,A,C and A,B,D,C, the first ordering is converted to into second ordering using
neighbour swaps by swapping A and D to get A,B,D, C (Aliyu, 2023). When n items
is to be ordered and a minimum of Q swaps is required, the Kendall’s denoted by

Q=1-—2_,-1<7<1, (36)

n(n-1)’

Illustrative Example 1
This method is illustrated with order of performance of numeric data as shown in
Table 1:

Table 2: Order of Performance inX and Y

X|85 19 (2 |6 |10 |1 4 |7 |3 |8
Y| 5|8 |1 |4 |10 |2 6 [T |3 |9

Table 3: Arrangement of X in Order of Magnitude
X1 (2 |3 |4 |5 6 |7 |8 |9 |10
Y|2 |1 |3 |6 |5 4 |7 (9 |8 |10

In order to make Y in the same increasing order as X, swap 2 and 1 to have
Table 4: Output of First Swap

X1 (2 |3 |4 |5 6 |7 |8 |9 |10
Y|1 |2 |3 |5 |6 4 |7 |9 |8 |10

Subsequent swaps are reproduced in Tables 4-6

Table 5: Output of Second Swap

X|1 |2 (3 |4 |5 6 |7 |8 |9 |10
Y| 1 |2 |3 |4 |5 6 |7 |9 |8 |10

Table 6: Output of Third Swap
X|1 |2 |3 |4 |5 6 |7 |8 |9 |10
Y| 1 |2 |3 |5 |4 6 |7 |9 |8 |10

578 | www.journal-innovations.com



Innovations, Number 81 June 2025

Table 1: Output of Fourth Swap
X|1 |2 |3 |4 |5 6 |7 |8 |9 |10
Y 1 |2 |3 |4 |5 6 |7 |9 |8 |10

Table 7: Output of Fifth Swap
X/11|2 (3 |4 |5 6 |7 (8 [9 |10
Y|l |2 |3 |4 |5 6 |7 (8 [9 |10

ThusQ =5 r=0.78

3.5.2. Kendall’s Tau Correlation by Concordances and Discordances

This is a non-parametric measure with the same assumptions as Spearman’s method,
but provides unbiased estimator of the population correlation rank. A pair of
variable values is said to be concordant if the number of pairs is in natural order.
Conversely, A pair of variable values is said to be discordant if the number of pairs
is in reverse natural order. KTC | CD is defined as

r=le"R(37)

—n(n—1)
n = number of observatigns, nc =number of concordant pairs and ng = number of
discordant pairs
In order to obtain concordant and discordant pairs, the elements of the first quantity
X is ranked in ascending order and the concordant and discordant pairs are

observed from the elements of the second quantity Y at each point.

3.5.3 Kendall’s Tau-b Correlation Coefficient
Kendall’s tau b correlation makes adjustment for ties and denoted by

A A

e — g ~1<7,<1  (38)

T O —m)(ny—my)

n=number of observations, n.= number of concordant pairs,n, =number of

Tp
where

discordant pairs

ny= %2 n(n-1), n, = Xti(ti-1)/2= 2 [n(n-1)+n(n-1)], n, = Zti(t-1)/2= Y2 [n(n-1)+n(n-1)]
t,.=number of tied observations in the i group of ties for the first quantity
t,=number of tied observations in the j group of ties for the second quantity.

3.6 Median Correlation Coefficient (IMCC)
MCC is a non parametric measure of a relationship based on median and Median
Absolute Deviation (MAD) of two variables x and y and it is denoted by

(x —median(x)) (v —mediarn(y))

7 = Median .
MED MAD(x) MAD(y)

- (39)

where
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MAD(x) =Median( |x-median(x) |)

Median(x) =Median of x variable

Similarly,

MAD(y) =Median(|y-median(y)|)

Median(y) =Median of y variable. See (Shafiullah & Khau, 2012)

3.7 Quadrant Correlation Coefficient(QCC)
Quadrant Correlation Coefficient is a measure that makes use of sign function rather
than the rank of observations. Itis defined as
ZSign (x, — Median(x))sign(y, — Median(y))
Ty = , (40)

n

3.8 Contingency Coefficient
This method uses the chi-squared statistic and the grand total to measure the
association between two dichotomous variables. It is given by

@/ — X2 (41)

X%+n
This coefficient does not have desirable characteristic ranging between 0 and 1 and
its zero when y? = 0

3.9Phi Correlation Coefficient

The Phi (¢p) Correlation coefficient is used to measure the correlation between two
variables expressed in form of natural dichotomies. It has same relation with
Tetrachoric coefficient as Point Biserial has with Biserial correlation coefficient. Phi
correlation also has a relationship with y? expressed as y? = N¢?. When there is no
trust about the exact nature of dichotomized variables, it is used and expressed as

PS—QR
= 42
¢ J(P+R)(Q+S)(P+Q)(R+S) (42)

whereP, Q, R, S represent the frequencies of the cells in the 2x2 table shown:

Table 8: Dichotomous Bivariate Data into a 2 x 2 Contingency for ¢

Item X Total
P Q P+Q
ItemY R S R+S
P+R Q+S P+Q+R+5
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2
This method of coefficient is given by ¢ = \/% and its value is based on y? that is

uncorrelated for continuityusing dichotomous bivariate data into a 2 x 2 contingency
in Table 8.

3.10 Yule’s Coefficient
This coefficient proposed by Yule(1950) is given as

(0110322) ~
_ 011022—012021 _ (0130, ~ _ 6-1 43
Q= T (011022) T B41°? (43)
011022+012021 e mest ] +1
(012021)

whered is the odd ratio.
Qij=+1 or -1 if any of it is zero andQijis undefined if the two entries in a row or column
are zero. In this case and for a reasonable estimate of Q to be provided, a corrected
estimate of Q is used as

A — (011-%)(022+%)_(012+%)(021+l) (44)

2
(01143)(022+3)+(01243)(01+3)

3.11. Biserial Correlation Coefficient (BCC)

BCC measures the strength of relationship between a continuous variable and an
artificially dichotomous (a recoded binary) variable based on some criteria or
certain threshold. Computing the correlation between intelligent Quotient(IQ) and
the score on a certain test will only measure whether the test is passed or failed. For
example, during clinical trials, one may desire to obtain the correlation between the
age and hypertension status of sampled persons. In this case, their ages are
continuously and normally distributed. However, the hypertension status is
determined by the threshold of systolic blood pressure (hypertensive or normal).

3.11.1. Assumptions for Biserial Correlation Coefficient

(a) The correlation has continuity in the dichotomized trait

(b) There is normality of the distribution underlying the dichotomy

(c) Biserial correlation gives an estimate of the product moment for any given data
(d) There is a large value of N

(e) The correlation is not limited to a range of +1

(f) There is presence of a split near the median

3.11.2. Computation of Biserial Correlation Coefficient
Biserial Correlation is defined by

X,-X
rois= 52 (22) (45)
The respective means of X individuals in categories 1 and 0 are specified:
(46)

= = P
Xp nzizl Xpi
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- _ L 47
Xq = Z?LXqi “n
The respective proportions of the total sample in categories 1 and 0 are also given
as:
n n
p =—andq = -

The standard deviation of X for the total sample of nindividuals is given as:

Sy = | I (X, —X)2  (48)

The number of observations in categories 1 and 2 and their sum are:

n, =np,ng =nqandn =n, +n,
The ordinate (height) of the standard normal distribution at the point of division
between the proportionp and g of the curve is defined as

1 luz
h = \/T_nez (49)

where u is the threshold for the probability from the standard normal distribution
defined as
P(ZZzu)= p. Thus,

¢ =p,p(-w) =qand ¢~ (p) = ¢~ (q) = u

Remark:
Alternatively, a biserial correlation coefficient can also be computed using
Xp—X, = . : . =
This= ”S—t (%), where X, is the mean of the entire group in place of X,,.
X

Illustrative Example 2
Table 8: Distribution of Achievement Test Scores for Two Groups

Achievement Test Score Passed (x) Failed (y)
(ATS)
195-204 7 0
185-194 16 0
175-184 10 6
165-174 35 15
155-164 24 40
145-154 15 26
135-144 10 13
125-134 3 5
115-124 0 5

Assigning the values to the variables based on r,;5, p = 0.52,q = 0.48 and h = 0.394
so that Table 9 is generated to facilitate the computation of equations (46) and (47)
Table 9: Distribution of Achievement Test Scores across the Entire Group
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Entire
Group
ATS | Higher | Lower | x’ fx' y' fy' z' fz' | fz'?
Group | Group
® | @
195- 1 0 4 28 4 0 4 28 | 112
204
185- 16 0 3 48 3 0 3 48 | 144
194
175- 10 6 2 20 2 12 2 32 64
184
165- 35 15 1 35 1 15 1 50 | 80
174
155- 24 40 0 0 0 0 0 0 0
164
145- 15 26 -1 -15 -1 -26 -1 -41 4]
154
135- 10 13 -2 -20 -2 -26 -2 -46 | 92
144
125- 3 5 -3 -9 -3 -15 -3 -24 | 12
134
115- 0 5 -4 0 -4 -20 -4 -20 | 80
124

From Table 9, n, = 120,n, = 120,N = 230,). fx' =87, fy' = —60,) fz' =
27,3 f2' = 27,
X, = 156.75,%, = 144.05,Sy = 16.83,1;; = 0.47

3.12. Point-Biserial Correlation Coefficient (PBCC)

Point-biserial correlation coefficient, denoted by rpnis, isa special case of the
product-moment correlation r between a continuous variable and another naturally
dichotomous variable. In order to estimate the relationship between the underlined
variables, the appropriate correlation coefficient is point biserial. Suppose we want
to find the correlation between a continuous random variable Y and a binary random
variable X which takes the values zero and one. Assume that n paired observations
(Yx, Xx), k =1, 2, ..., n are available. If the common product-moment correlation r is
computed from these data, the resulting correlation is called the point-biserial
correlation (Mohanty & Misra, 2016).
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3.13. Computation Point-Biserial Correlation Coefficient
Point-Biserial Correlation Coefficient is defined as

Xp—X
Tobis = ~5—y/Pq  (52)
The respective means of X individuals in categories 1 and 0 are given as:
S 1 n S 1 n
Xp = Ezijl Xpiand Xg = n_qziqu Xqi (83)

The respective proportions of the total sample in categories 1 and O are as specified:
np Nq
P=- and q =— (54)

The standard deviation of X for the total sample of n individuals is equation (48).

3.13.1. Assumptions of Point Biserial Correlation

(1) One of the two variables is continuous on a measurement scale.

(ii) There are no outliers for any continuous variable versus the dichotomous
variable.

(iii) The continuous variable is normally distributed within each subgroup when
sample size is small.

(iv) The continuous variables have equal variances with the dichotomous variables.

3.13.2Derivation of Point Biserial Correlation
Proof:
The point biserial correlation is derived from the Pearson’s Product Moment
Correlation Coefficient in equation (12).
Assign 0 on variable Y to all members of category 0 and 1 to all members of
category 1.
Let)Y =n, =np (85)
YY?=n,=np (56)

XY=0 for all members in category O
X XY =n, =np (87)
Substituting Y, XY = n,X,; XY = np; Y Y? = np into equation (12)

n(npXp)-E X)(np)
[z 2 -E 02 ey -2
Taking » X = np)?p + nq)?q,p =1—gq and dividing numerator and denominator of

(58)

rpb =

equation (12) by n, we have

npXp "p’_(p.”p’_(p)
n n ' n

Tp

(59)

p =
[nExe-g 2t
_ PXp—p*Xp—paXy

- -1
Sx /nT\/pq
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_p(Xp(1-p)-qXq

-1
Sx [P

=I’Q(Xp_)?q)

sx =2vpa

Xp—Xq | n_

5 /n_lx/pq (60)
_XP_XQ
==

pq asnbecomes large so that fﬁapproximates to unity.

Illustrative Example 3
Table 10: Distribution of 100 Students on Tests X as Correct or Wrong (1 and 0)

Score on Test X Correct Wrong Respondents
Respondents
70-74 3 0
65-69 6 1
60-64 6 2
55-59 5 4
50-54 6 2
45-49 1 6
40-44 6 8
35-39 3 6
30-34 3 9
25-29 1 4
20-24 0 12

Table 11: Spreadsheet for the Computation of Point Biserial Correlation

Scores Correct Wrong x' fx' z' fz' | fz'?
on Respondents | Respondents

Test x

70-74 3 0 5 15 5 15 15
65-69 6 1 4 24 4 28 112
60-64 6 2 3 18 3 24 12
55-59 5 4 2 10 2 18 36
50-54 6 2 1 6 1 8 8
45-49 7 6 0 0 0 0 0
40-44 6 8 -1 -6 -1 -14 14
35-39 3 6 -2 -6 -2 -18 36
30-34 3 9 -3 -9 -3 -36 108
25-29 1 4 -4 -4 -4 -20 80
20-24 0 12 -5 0 -5 -60 | 300
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n, = 46,1, = 54,N = 100,fo' - 48,Zfz’ - 55,Zfz'2 = 841, p = 0.46,
X, =522,%, = 44.2, Sy = 14.23, 7, pss = 0.52

3.14. Tetrachoric Correlation Coefficient

Tetrachoric correlation coefficient denoted by r; is used when two categorized
variables are artificially dichotomized. The variables are expected to be continuous,
normally distributed and linearly related to each other.. For example, in the study of
the relationship between intelligence and emotional maturity, the first variablecan
be dichotomized as “above average” and “below average” and the other variable
as emotionally mature and emotionally immature. Inorder to compute the tetrachoric
correlation coefficient between intelligence and emotional maturity, a 2x2 in Table
12is used:

Table 12: Dichotomous Bivariate Data into a 2 x 2 Contingency for r;

Below Average | Above Avearge
Emotional Maturity P Q
Emotional Immaturity R S

3.14.1. Cases of Tetrachoric Correlation Coefficient

_ 180°,/QR
(a) When PS > QR, 7, = Cos ( g Jﬁ)

In this case, 1; is positive

(b) (@) When QR > PS, 1 = Cos(

180°x/ﬁ)
VPS5 ./QR

In this case, 1; is negative

0
(c) (8) When QR = PS, 7, = Cos —> VPS

2VPS
In this case, r; =0

4. Relationship among Correlation Coefficients
4.1. Relationship among ¢, ry, I'yis and I'ppis

The relationship among Phi, Tetrachoric, Biserial and Point Biserial correlation
coefficients is established using Table 13.
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Phi Tetrachoric Biserial Point
Biserial
Nature of | Measures Both The variable | The variables
dichotomized correlation dichotomous underlying are naturally
variables between two | variables are | the continuous
continuous continuous, dichotomy is | dichotomized
dichotomized | normally and | continuous variables
variables and | linearly related | and artificial. | with no
makes no | to each other. It | It makes | assumptions
assumption requires many about the
about the | assumptions of | assumptions | form of the
form of the |large N, | regarding distribution
distribution continuity and | the form of
in the | normality of the | distribution
dichotomized | distribution. in the
variables dichotomized
variables
Status with | Can be | Non-Pearson Non Pearson | It is a
Pearson’s checked Correlation correlation product
product against r | Coefficient coefficient moment r
moment from the and cannot | checkable
Correlation same data be checked | againstr
coefficient r againstr
Range of | Phi The values | Not limited to | The range is
values coefficient range between | the range of | +1 makes it
values range | -1 and +1 +1 easily
from -1 to +1 comparable
to other
measures of
correlation
coefficient
Relationship x> =N¢?N
with x?
Status with Cannot be | Used in
regression used in | regression
equation regression equation
equation
Computation of | The standard Does not | The exact
standard error | error of ¢ have any | standard
can be easily standard error can be
computed error determined
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and tested estimate and its
against the significance
null is testable
hypothesis against the
by means of test of
its hypothesis

relationship

with

4.2 Relationship among Spearman’s, Pearson’s and Kendall’s Correlations

The Pearson’ correlation assesses linear relationships, but Spearman’s rank
correlation assesses monotonic relationships. The Kendall correlation is preferred to
Spearman’s correlation due to a smaller gross error sensitivity and smaller
asymmetric variance. This makes it more robust and more efficient. The
interpretation of Kendall’ tau correlation is less direct when compared to Spearman’s
correlation as it quantifies the difference between the percentage of concordant and
discordant pairs among all possible pair wise events. This is in consonant with the
position of Makowski (2020).

5. Conclusion

Fourteen different methods of estimating correlation coeffients have been discussed
in this study with prominence on their classification, assumptions, features and
relationships existing among the methods. Some of the methods of estimating
correlation coefficients were mathematically proved and some avoidable errors in
the process of interpretation identified alongside some underlined remedial
measures specified. The relationships among Phi, Tetrachoric, Biserial and Point
Biserial correlation coefficients were examined with the evidence that Phi coefficient
has the same relation with Tetrachoric as Point Biserial has with Biserial coefficient.
This work will therefore serve as a study guide to researchers in adopting suitable
or appropriate methods of estimating correlation coefficients.
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